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Abstract

In Chapter 7 in Bierens (2004) the Wold decomposition was motivated
by claiming that every zero-mean covariance stationary process X; can
be written as X; = Z;’il B Xi—j + Ui, where E[U;.X;—;] = 0 for all
j>1,and Z;’il BjX¢—; is the projection of X; on its past. However,
in general this claim is incorrect. In this note I will give a more general
(and hopefully correct) proof of the Wold decomposition.

1 Projections

Let H be a Hilbert space and let {z3}32; be a sequence of elements of H.
Let M,, be the linear manifold spanned by z1, ..., z,, i.e., M,, consists of all
linear combinations of 1, ..., z,. Then

Lemma 1. M,, is a Hilbert space.

Proof: Let z,, = Z;L:l B;mx; be a Cauchy sequence in M,,. Then there
exists a z € H such that lim,, . ||z — zm|| = 0. Let Z,, be the projection of

*Thanks to Peter Boswijk (University of Amsterdam) for pointing out an error in a
previous version of this note. Moreover, the queries of the students in my Spring 2009
graduate time series course have led to substantial improvements of the proof of the Wold
decomposition.



z on M,, ie.,
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The optimal 6;’s are the solutions of the normal equations

(z,2;) ZQM xi,x5), j=1,...,n, (1)

hence z, = Y0, 0z, and ||z — Z,|[* < ||z — zn|[* — 0, so that z =

2?21 Hn,ja:j € Mn QED
Definition 1. The space Mo, = U2 M, (which is the closure of U2, M,,)
is called the space spanned by {x;}%2,, and is also denoted by span({z;}32,).

Lemma 2. M, is a Hilbert space.

Proof: Let z, be a Cauchy sequence in M, with limit Z € H. If Z ¢
Mo then, because M, is closed, there exists an € > 0 such that the set
{z€H:||z—Z|| <e} is completely outside My: {z € H : ||z —Z|| <
e} N My = @. But then there exists an m such that z,, ¢ M. Since this
is impossible, 7 € M. Q.E.D.

Lemma 3. For z € My let 7z, be the projection of z on M,. Then
lim, . ||z — Z,|| = 0.

Proof: If z € U 1./\/l then there exists an ny such that z € M,,,
hence for n > ng, z, = 2z and thus lim, .. ||z — 2,|| = 0. Now let z €
Mo\ (U2, M,,). Since My, = U2, M, is closed and M,, C M,, 11, for each
n there exists an z, € M, such that lim,, . ||z —2,||* = 0, hence for n — oo,
|z = Za|> < ||z — z,]|* — 0. Q.E.D.

More generally we have:



Theorem 1. For z € H, let Z be the projection of z on span({z;}32,) and
let Z, be the projection of z on span({z;}7_,). Then lim, .. ||z —Z,|| = 0.

Proof: Adopting the notation in the previous lemmas, we may without
loss of generality assume that 2 € M\ (U2 M,,), as otherwise the result of
Theorem 1 holds trivially. Since M, is closed this assumption implies that
for each n we can select a z, € M,, such that

lim ||z — z,|| = 0. (2)
Let ||z — z|| = 6 and ||z — Z,|| = 6, and note that 6, > 6. Since
0 = lle=Zl* <llz =zl =z =2+ 2 — 2"
= |lz=ZIP + 12— zall* +2(2 = 2,2 — 2n)
= 8 +|Z7— 2zl

it follows from (2) that
lim 6, = 6. (3)

n—oo

Recall that z = 2+ u, where (u,z) = 0 for all z € M. Hence

12=Zl7F = llz=Z —ull = llz = Zal* + [lul]® = 2(z — Za,u)
= lz = Zall* + l[ull® = 2{z,u) = &, — 8 (4)

where the last equality follows from
<27u> - <U, u) = <27 U) =0 (5)

and (u,u) = ||u||?> = 6%. The theorem now follows from (3) and (4). Q.E.D.

Remark. Although each projection z, is a linear combination of 1, ..., z,,,
in general the result of Theorem 1 does not imply that there exists a sequence
{0;}32, such that =} °°, 0,z;. As an example of such a case, consider the
Hilbert space Rq of zero-mean random variables with finite second moments,
endowed with the inner product (X,Y) = E[X.Y] and associated norm and
metric. Let

Xi =V = Vi,
where V; is distributed i.i.d. N(0,1). This is clearly a zero-mean covariance
stationary process, with covariance function v(0) = 2, (1) = —1, y(m) =

0 for m > 2. Hence X; € Ry for all t.



For given t, let
ML = span ({X;_n )% ), ML =span (X1, ..., Xi_n) .

The projection )?t,n of X; on M,’i:,ll takes the form
n
j=1
where the coefficients 60, ; are the solutions of the normal equations

y(m) = ny(|k: —m\)bpg, m=1,..,n.
k=1

hence for n > 3,

—1 - 2-971,1 - en’g
- _gn,l + 2971,2 - 9n,3
- _9n72 + 2971,3 - 9n,4

0 = _gn,n—2 + 2gn,n—l - gn,n

0 = _en,n71+29n,n

The solutions of these normal equations are

hence

— n j
K=Y (n I 1) X, (6)
J

Next, let )A(t be the projection of X; on M' ! and suppose that there
exists a sequence {0;}%2, such that X; = 2 0;X; ;. Note that the latter

is merely a short-hand notation for

n 2
— lim E ()?t - Zejxtj> =0 (7
j=1

2

lim
n—oo

)?t - Z ertfj

i=1




If so, it follows from Theorem 1 and (6) that

. 2

j=1

[ n . 2
. J
= lim F E < —1- HJ) th>
n—oo _<j1 n —|—1

But
(19 Xt:i L 1) (Viey — Viey)
. n+1 - n+1 J J
Jj=1 j=1
n il 1
:—< 1+91)V2_1—Z;<9j+1 0 )Vtal
]:
hence

<Z<n+1_1—9j)xtj>2 :(n11+91)2
+z_:(9j+1 9_%> ( . )2

This equality implies that for arbitrary integers m > 1,

o ~(
lim inf E E < Xt ]>
n—oo (j:l n 4+ 1

1 2
thniilgo <nil +91) +hmn1£1£o( il — +1)

= (6, + 1)2 + (01 — O,

Therefore, a necessary condition for (8) is that 6,, = —1 form = 1,2, 3,

But then it follows from (9) that

n . 2 2
1
Jm B <Z(nj—1_1_ej>xtj> :nli—>nc}o<’n,+]._1) =1
ji

=1
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which contradicts (8). Thus, in this case there does not exist a sequence
{03132, such that (7) holds.

2 Projections on the span of an orthonormal
sequence

On the other hand,

Theorem 2. If a sequence {a:j};?‘;l in a Hilbert space 'H is orthonormal, i.e.,

o ={ § I 178 (10)

then any projection z of z € H on span({w;}%2,) takes the form z =

> ey Oz (in the sense that lim, . |[Z— 77, 0; iB]H) where Y732 | 07 < 0.

Proof: Observe from the normal equations (1) that the projection z, of
z on span({z;}7_,) takes the form

Z, = Zijj, where 0; = (z,z;) . (11)

j=1

Moreover, denoting u,, = z — 2,, it follows from (10) and (11) that

lun|]? = z—ZH&:J —HzH2—2ZG 2, ;) +ZZ@9 ;) ;)
7j=1 =1
= ||Z||2—Z9f20 (12)
j=1
hence Y771 07 < |[|z[|* for all n and thus }°22, 67 < oo. Finally, it follows

from Theorem 1 that

n
z — E 9]-1:]-

j=1

lim = lim |[Z2—Z,|[*=0
n—oo n—oo

so that we can write 2 = >, 0;x;. QE.D.
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3 The Wold decomposition

Let Sy, ..., S, be subspaces of a Hilbert space H. Then similar to Definition
L,

Definition 2. Span(Sy,...,S,) is the closure of the space of all linear com-
binations ) ._, cjz;, where z; € S;.

We also need the definitions of orthogonal complement and regularity:

Definition 3. The orthogonal complement of a subspace S of a Hilbert space
H, denoted by S+, is the subset of H such that for each x € S and y € S+,

(x,y) = 0.
Lemma 4. Orthogonal complements are subspaces.

Proof: Let x be an arbitrary element of a subspace S of an Hilbert space
H and let y,, be a Cauchy sequence in S*. Then there exists an y € ‘H such
that lim,, . ||y — yn|| = 0. Since (x,y,) = 0 we have (x,y) = (z,y — yn) . It
follows now from the Cauchy-Schwarz inequality' that | (z,y) | = | (z,y — yn) |
< ||z||.|]y — yn|| — 0. Hence y € S*+. Q.E.D.

Definition 4. Let {x;}32, be a sequence in a Hilbert space H. Let Ty be
the projection of xj on span({Tm}oe_. 1), and denote uy = xp — Zp. The
sequence {x}32, is called reqular if ||ug|| > 0 for all k > 1.

Note that the regularity concept is related to the concept of linear indepen-
dence in Euclidean spaces.

We can now formulate the following general version of the Wold decom-
position:

Theorem 3. Given a reqular sequence {xy}32, in a Hilbert space, every
z € 8 = span({zy}32,) can be written as © = > ;- ayex + w, in the sense
that limy, oo [|[x —w — > 1 arex|| = 0, where {ex}32, is an orthonormal
sequence in S, ay = (T, er), Y o, af < 00, and

w € Soo NUL, (13)

!See for example Bierens (2007a).



with Seo = N span({x;, 12, ) and UL the orthogonal complement of Uy, =
span({ex }$2,). Note that (13) implies that w is orthogonal to all the ey’s:
(e, w) =0 for k=1,2,3, ...

Proof: Denote S, = span({zx}%2,,). Project each x; on Siiq, so that
Tp = Tp + ugp with projection ) € Spy1 and residual ug. Recall that by the
regularity condition, |Jug|| > 0, hence e, = ug/||ug|| is well defined. It is
not hard to verify that the residuals u; are orthogonal, so that the e;’s are
orthonormal. Denote

U, = span (eq,...,e,) = span (uy, ..., Uy),

and let U+ be the orthogonal complement of U,. Moreover, as before, let
M, = span({zx }_y)-

A typical element z € M,, takes the form z = 22:1 cxxyr. Hence, z can
be written as

n n n
z = ch (/.T\k +Uk) = chuk + chfv\k
k=1 k=1 k=1
n n
> eullurller + ) e
k=1 k=1

Note that > 7, cx@k € Sy because Ty, € Sgi1.

Next, project Y ,_, ¢xTy onU,. This projection takes the form )", diey
with residual w,; € Ss. But we also have (ey, w,41) = 0 for k = 1,...,n,
hence wy,y1 € U . Thus, denoting oy, = ci||ux|| + dp, we can write every
z €M, as

n
z = E Qg€ + wpi1, where w, 1 € Z/lnL N Ss.
k=1

Therefore
M, C span (U, Uy NSy) . (14)

I will now show that
span (Z/{n, Z/InL N 32) = span (Z/{n, Z/InL N Sn+1) , (15)

as follows. Denote S, = span({xz;}7-;) for m >k and let z € U, NSy, for
some m > 2. Consider first the case m > n. Since z € S, there exists
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constants ¢ such that

z = chxk:ch(ﬁz\k—i—uk)—i- Z CLTk

k*n+1

— chHukHek—l—chxk—l— Z CrTp-

k=n+1

Moreover, z € U implies that (z,e;) =0 for k = 1,...,n. In particular,

0 = (z,e2) = calus +ch (T, e2) + Z Ck (Tk, €2)
k=2 k=n+1

= o jugl|

because Y ;o ckTk € S3, D ppiq Tk € Sny1, and ey is orthogonal to Ss
and S,.1. Hence ¢, = 0 and thus

z = ch ||k ex + chxk + Z CLTh.

k=n+1

It follows now similarly that ¢, = 0 for k = 3, ....,n, hence

m
z = Z CLxy € Z/{nL NSpt1m

k=n+1

Thus, U N Soe € UL N Spi1m- However, S,y1m C Saum and therefore
U N Spi1m CUE NSy m,s0 that

Z/lnL NSy = Z/{nL N Spt1,m for m > n.
This result implies that
LﬁL ( m= n+15§WJ LrL ( m= n+18h+LnJ (16)

In the case m < n, z € Uy N Sy, implies that z = 0, as can be straight-
forwardly verified from the above argument, so that U N S,,, = {0} for
m = 2,3, ...,n. Since Hilbert spaces are vector spaces and therefore always
contain the null element it follows that

U Uy NSapmn = {0}U (U, Uy N Sam)
m:n+ﬂ1nrjéﬁﬂm



hence
Z/{J_ N ( ;.;:232,m) = urjl_ N ( ?r?:n-f—l'slm) : (17)

n

It follows now from (17) that

u;' N 82 = Z/{;— N U?,?:282,m
= Ur N, 1 Sniim =UF NS

m=n+1

which implies that (15) holds.
Combining (14) and (15) yields

M, C span (Z/{n,blnL N Sn+1) =R,,

say. However, we also have R,, C &, as is not hard to verify. Consequently,

Let x € S; and let 7,, be the projection of x on R,,. Then

2

n
|z —Z,|)* = inf :U—ZHjuj—w
01,.--79n,w6u7{‘m5n+1 j=1
" 2
_ inf _ Z Z eV, —
weu,lfnmsnﬂ T (T, ej)u; —w
j=1
n
= inf ||.71—U)H2—205J2-
weuﬁﬁSnH -
7j=1
n
= |[le —wpna|P = af (18)
j=1

where o; = (x,¢e;) and w4, is the projection of z on U;- N S, 4. This result
implies that

n
Yo a < lle = wen® < 2l (19)

j=1
so that

o
E 2
Oéj < 0
=1
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0o . . n
Therefore, z = > 7| aje; is well defined, as lim, .o ||z — D7, aje4]| = 0,
and so is
oo
w=x — E (67171
=1

which is defined as lim,, o ||z — > 7, aje; — w[| = 0.
Note that w is the limit of the Cauchy sequence wn1 = = — 37 aje;.

That w41 is a Cauchy sequence follows from

max(m,n)
2
[Wnt1 — Wi ||” = Z Q€
j=min(m,n)+1
max(m,n) o0
_ 2 2
- Y e > e
j=min(m,n)+1 j=min(m,n)+1
— 0
as min(m,n) — oo, where the latter is due to Y 22 af < oo. Since for
arbitrary fixed m > 1 and all n > m, w,11 € S,41, it follows that w € S,,11
for all m > 1, hence
w € Ny Sy.

Similarly, wny1 € Uy C UX U C UX UL = UL, say, where Uz is the

orthogonal complement of U,, = span({ex}32,). Hence
w € UL,
which implies that (w,e;) =0 for k =1,2,3,........ Q.E.D.

In the case of the Hilbert space Ry of zero-mean random variables with
finite second moments, with inner product (X,Y) = E[X.Y] and associated
norm and metric, the results of Theorem 3 translate as follows:

Theorem 4. Let X, be a reqular univariate zero-mean covariance stationary
time series process. Then X; can be written as

Xt = ZO&jUt,j + Wt a.s., (20)

J=0

11



where the Uy 1s a zero-mean uncorrelated process with variance 1,
oo
_ 2
a; = B[ X.U;_j], E aj < oo, (21)
Jj=0
and Wy is a zero-mean covariance stationary process satisfying

W, elUtrnNS ., (22)

where S_o = Npspan({ X, x}2,) and U is the orthogonal complement of
U, = span({Us—r}72,) - The result (22) implies that

Wi € span ({Wi—m 1), (23)
which in its turn implies that W, is perfectly predictable from the past values
Wi, Wi_o, Wi_3, ... Moreover, (22) implies that

E[WtUt_m] = 0 (24)

for all leads and lags m.

Proof: Recall that U, = fjt/ E [[72], where U; = X, — X, with X, the

projection of X; on span({X; ;}22,). The uncorrelatedness of the Uy’s follows

from Theorem 3, but we still need to show that E[U;] = 0 and E[U?] = o2
for all ¢.

Proof of E[fft] =0

Let )/(:t,n be the projection of X; on span({X; ;}7_,). Then )?t,n takes the
form

n
Xt,n = E ﬁj,nthjv
Jj=1

where the (;,,’s do not depend on t. The latter follows from the fact that
the (3;,’s are the solutions of the normal equations

> Bimy(i—§) =(i), i =1,2,..,n,
j=1

12



where (i) = E'[X;X;_;] is the covariance function of X;. Hence E [)/(\'tn} =
0.

It follows from Theorem 1 that
hm ’)?t,n — )/(\Vt

n—oo

 im E [(fc _ f(tﬂ —0 (25)

n—oo

so that by Liapounov’s inequality and F [)A(tn] =0,

n—oo n—oo

~ ~\ 2
< \/lim E {(Xt,n—xt) ] ~0.

Thus E[X,] = 0 and therefore E[U;] = E[X, — X,] = 0.

lim (Ep?t]

= llm ’E[)?t — )/(:tm/]

Proof of E[U?] = o2
Let Up, = Xi — X . It follows from (25) that

~ o~ \2 . N2
lim E l(Ut - Um> ] — lim E l(Xt,n - Xt) } —0 (26)
Moreover,
2 " ?
E [Uth] = HXt - Xt,n =F (Xt - Zﬁj,nXt—j>
j=1

= 7(0) -2 Zﬁj,w(j) )0 BinBiny(i = §)

j=1 i=1
2
= 0-7’1,

say, which does not depend on ¢. Furthermore, note that o2 is non-increasing

in n, so that

lim o2 = o2
exists, and that
~ ~ 2 ~ ~ 112 ~ ~ 1|12
E {(Ut ~ Ui, ) } = || R = & = || R - X+ T

13



~ 2 —~ ~ ~
- %, - x +2<Xt,n—xt,Ut>+|\UtH2

~ 12 - -
— Ut,n _2<Xt;Ut> + HUtHQ

~ 2 —~ ~ o~ ~
= ||Uin —2<Xt+Ut,Ut> + HUtH2

= |||~ 288 + 1T

S o AT
- E [ﬁgn} - E [(73} .
Thus,
B[] =2~ B| (G- T) | - o

Proof of (21), (22) and (24)
The result of Theorem 3 can now be translated as

lim — 0, (27)

X =Y U =W,

J=0

where U, is a zero-mean uncorrelated covariance stationary process with unit
variance, and ay = (X, Uy_y) = E [XUp_g] with Y p a2 < oo.

We still need to prove that the a;’s do not depend on ¢, as follows. Recall
from the proof of E[U?] = o? that Uy, = X; — > i1 BjnXij, so that

E |:Xt+k[7t,n] = (k) — Zﬁj,rﬁ(k +7),
j=1

which does not depend on t. Moreover, by the Cauchy-Schwarz inequality
and (26),

lim )E [Xt% (fj'm _ U’tﬂ (2 < 7 (0) lim E [(fftm — ﬁt)z} —0.

n—oo n—oo

Thus F [Xt%fft} = lim, oo F [XHkljt,n} . Since the latter does not depend
on t, neither does a, = E [ Xy U] = E |:Xt+k[7t/‘|[7t||] -
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The results (22) and (24) follow straightforwardly from Theorem 3.

Proof of (20)
The result (27) implies, by Chebyshev’s inequality, that

X =p lim Z a;Ui—j + We. (28)

Recall that convergence in probability for n — oo is equivalent to a.s.
convergence along a further subsequence k,, of an arbitrary subsequence of
n. See for example Bierens (2004, Theorem 6.B.3, p. 168). Thus for such a

subsequence k,,,
km

ZO&jUt,j — Xt - Wt a.s. (29)
§=0
as m — oo, and the same holds for any further subsequence of k,,.
Without loss of generality we may choose ky = 0. Then for each n > 0 we
can find an m,, such that

km, . <n < kpn,. (30)
Moreover, (29) implies that
K
ZajUt,j — Xy — W, a.s. as n — oo. (31)
=0
Due to (30),
o0 kmn n 2 o kmn 2
n=1 7=0 7=0 n=1 j=n+1

so that by Chebyshev’s inequality, for arbitrary € > 0,

Sp
n=0

Fern,

Z O,/jUt_j — Z O,/jUt_j
j=0

=0

>€] < OQ.
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This result implies, by the Borel-Cantelli lemma,? that

ki
ZaJUt _j ZaJUt ; — 0 as. asn — oo. (32)
7=0 7=0

Combining (31) and (32) it follow now that

ZajUt_j — Xy — W, a.s. as n — oo. (33)

=0

Since ) 2 ;U ; is defined as lim, ..o )7 a;Us—j, (20) is equivalent to
(33).

The zero-mean covariance stationarity of W,
It follows now trivially from (20) that E [IW;] = 0. Moreover, it is left as an
exercise to show that for m > 0,

EWW,_p] =~ (m ZO‘H—mO‘J (34)

Proof of (23)
Finally, W; € Npspan({X,_;}32,) implies that W; € span({X;_;}32,), hence
the projection of W; on span({X;_;}32,) is W} itself. Since by (20),

span({X;_;}32,) = span (span({Us_;}:2,), span({Wi—;}32,))

and the projection of W; on span({U;_;}52,) is zero, it follows that the pro-
jection of W; on span({W;_;}52,) is W, itself, which proves (23). Q.E.D.

Remarks

The condition var(U;) = 1 is not essential as long as X; is regular. With-
out loss of generality we may then replace U; with ﬁt = oU;, 0 > 0, and oy
with ay /o, where o can be pinned down by normalizing oy = 1.

To prove the multivariate version of the Wold decomposition for a k-
variate covariance stationary process X, consider the Hilbert space R, of zero
mean random vectors in R* with finite second moment matrices, endowed

2See for example Bierens (2004, Theorem 6.B.2, p. 168).
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with the inner product (X,Y) = EF[X'Y] and associated norm and metric.
Let X, be the projection of X; on span({X;_;}52,), with residual vector
V,=X,— )/(\'t, and let ¥ = F [V;V/]. In this case we need to extend the notion
of regularity by requiring that ¥ is positive definite rather than only ||V;||? =
E[V/V,] > 0, so that we can define U, = X~Y/2V,. Then the projection X,
of X; on span({U;_;}7_,) takes the form X, = > i AjUsj, where A; =
E [XtUt’fj} . It follows now straightforwardly from the proofs of Theorems 3
and 4 that

Xy =Y AU+ W, as.,
j=1

where the process U; is uncorrelated with zero expectation vector and vari-
ance matrix I, and W; € Z/{tL NS_o, wWith Z/{tL and S_., defined in Theorem
4.

Finally, for further reading on Hilbert spaces, see for example Bierens
(2007, 2008, 2009) and Young (1988). For more on the Wold decomposition,
see Anderson (1994).
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