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1 The ICM test
The ICM test is based on the following theorem:

THEOREM 1: Let u be a random variable satisfying E|u| < ∞, and
P [E(u|x) = 0] < 1, where x ∈ Rk is a bounded random vector.
(a) Let w(u) be a complex or real valued function that is infinitely many times
differentiable in u = 0 and satisfies the condition that (d/du)sw(u) |u=0 6= 0
for all but a finite number of natural numbers s. Then for every ε > 0 there
exists a ξ ∈ Rk such that E [u.w(ξ0x)] 6= 0 and kξk < ε.
(b) If in addition w(u) is a power series in an open neighborhood of u = 0,
i.e., for some δ > 0, w(u) =

P∞
s=0 (γs/s!)u

s for |u| < δ, where γs =
(d/du)sw(u) |u=0, then the set

©
ξ ∈ Rk : E [u.w(ξ0x)] = 0ª has Lebesgue mea-

sure zero and is nowhere dense.

Proof : See Bierens (1982) for part (a) with w(u) = exp(i.u), Bierens
(1990) for the case w(u) = exp(u), and Bierens and Ploberger (1997) for the
general case. Examples of suitable functions w(u) in the general case are
w(u) = cos(u) + sin(u), and w(u) = 1/ [1 + exp(c− u)] for c 6= 0. See also
Stinchcombe and White (1998) for further elaborations on this theorem, and
Bierens (1994, Ch. 3) for the details of the proof of Theorem 1 for the cases
w(u) = exp(i.u) and w(u) = exp(u).
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The condition that the random vector x is bounded can be get rid of
by replacing x with Φ(x), where Φ is a Borel measurable bounded one-to-
one mapping, because the σ-algebra generated by x is then the same as the
σ-algebra generated by Φ(x), hence conditioning on Φ(x) is equivalent to
conditioning on x. See Bierens (1982, 1990, 1994, Ch. 3).
Theorem 1 suggests that, given a random sample (yj , xj), j = 1, .., n,

xj ∈ Rk, and a conditional expectation model

E(yj|xj) = g(xj, θ0), θ0 ∈ Θ,

where Θ ⊂ Rk is the parameter space, the null hypothesis

H0: There exists a θ0 ∈ Θ such that P [E(yj|xj) = g(xj , θ0)] = 1,

can be consistently tested against the general alternative hypothesis that the
null hypothesis is false, i.e.,

H1: For all θ ∈ Θ, P [E(yj|xj) = g(xj , θ)] < 1,

on the basis of the Integrated Conditional Moment (ICM) statisticZ
|bz(ξ)|2 dµ(ξ).

In this integral,

bz(ξ) = 1√
n

nX
j=1

bujw (ξ0Φ(xj)) . (1)

where buj is the nonlinear least squares residual: buj = yj− g(xj ,bθ),with bθ the
nonlinear least squares estimator of θ0, Φ is a bounded one-to-one mapping,
w(.) is a weight function satisfying the conditions of Theorem 1, and µ is
a probability measure on a compact set Ξ ⊂ Rk with positive Lebesgue
measure, which is absolute continuous with respect to Lebesgue measure.
This ICM statistic was proposed first by Bierens (1982), for the case

w(u) = exp(i.u), Ξ a hypercube in Rk, µ the Lebesgue measure on Ξ, and
i.i.d. observations (yj, xj) .
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2 The asymptotic null distribution of the ICM
statistic

Under the null hypothesis and standard regularity conditions,

√
n
³bθ − θ0

´
= A−1

1√
n

nX
j=1

∂g(xj, θ)

∂θ0

¯̄̄̄
θ=θ0

uj + op(1)

where
uj = yj − g(xj , θ0) = yj −E[yj|xj]

and

A = p lim
n→∞

1

n

nX
j=1

µ
∂g(xj, θ)

∂θ0

¶µ
∂g(xj, θ)

∂θ0

¶0 ¯̄̄̄
θ=θ0

Hence,

bz(ξ) = 1√
n

nX
j=1

bujw (ξ0Φ(xj)) = 1√
n

nX
j=1

ujφj (ξ) + op(1),

where

φj (ξ) = w (ξ
0Φ(xj))− b (ξ)0A−1 ∂g(xj, θ)

∂θ0

¯̄̄̄
θ=θ0

with

b (ξ) = p lim
n→∞

1

n

nX
j=1

∂g(xj , θ)

∂θ0

¯̄̄̄
θ=θ0

w (ξ0Φ(xj)) ,

and op(1) is uniform in ξ ∈ Ξ.
It has been shown by Bierens (1990) and Bierens and Ploberger (1997)

that under some mild regularity conditions (among which the assumption
that the function w(.) is real-valued), and the null hypothesis involved,

ez (ξ) = 1√
n

nX
j=1

ujφj (ξ)

converges weakly to a zero-mean Gaussian process z (ξ) on Ξ, with covariance
function

Γ(ξ1, ξ2) = E [z(ξ1)z(ξ2)] = lim
n→∞

1

n

nX
j=1

E
£
u2jφj (ξ1)φj (ξ2)

¤
(2)
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Consequently, under the null hypothesisZ
|bz(ξ)|2 dµ(ξ)→ Z

|z(ξ)|2 dµ(ξ)

in distribution, whereas under the general alternative that the null is false,

bz(ξ)/√n→ η(ξ) = p lim
n→∞

1

n

nX
j=1

bujw (ξ0Φ(xj))
in probability, uniformly on Ξ, where η(ξ) 6= 0 except on a set with zero
Lebesgue measure. Thus, under the alternative hypothesis,

(1/n)

Z
|bz(ξ)|2 dµ(ξ)→ Z

|η(ξ)|2 dµ(ξ) > 0,

a.s.
Moreover, Bierens and Ploberger (1997) have shown that the asymptotic

null distribution of the ICM statistic is of the typeZ
|z(ξ)|2 dµ(ξ) =

∞X
i=1

λiε
2
i ,

where the εi’s are i.i.d. N(0, 1) and the λi’s are the eigenvalues of the covari-
ance function Γ, and that Z

σ2(ξ)dµ(ξ) =
∞X
i=1

λi,

where
σ2(ξ) = Γ(ξ, ξ),

is the variance function of z(ξ). Furthermore, they have shown thatR |z(ξ)|2 dµ(ξ)R
σ2(ξ)dµ(ξ)

=

P∞
i=1 λiε

2
iP∞

i=1 λi
≤ sup

m≥1

1

m

mX
i=1

ε2i = T ,

say, so that asymptotic critical values can be derived from the latter distri-
bution.
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As to the choice of the probability measure µ, Boning and Sowell (1999)
have shown that the uniform probability measure on Ξ is optimal. The actual
test statistic of the ICM test is therefore

bTICM =

R
Ξ
|bz(ξ)|2 dξR
Ξ
bσ2(ξ)dξ , (3)

where bσ2(ξ) is a consistent estimator of the variance function σ2(ξ), uniformly
on Ξ.
The asymptotic null distribution of bTICM is case-dependent, because the

eigenvalues λi depend on the distribution of (yt, xt) and the conditional ex-
pectation model g(xt, θ0), but is dominated by the distribution of T . Thus,
denoting the 1−α quantile of T by Tα, i.e., P (T ≥ Tα) = α, the null hypoth-
esis is rejected at the α × 100% significance level if bTICM ≥ Tα. The values
of Tα for α = 0.10 and α = 0.05 are:

T0.10 = 3.23
T0.05 = 4.26

3 The ICM test of the martingale difference
hypothesis

The Bierens-Ploberger version of the ICM test allows for consistently testing
of linear and nonlinear ARX models, but not for ARMAX models, because,
given a k + 1-variate vector time series process

zt = (yt, x
0
t+1)

0 ∈ R×Rk−1, (4)

an ARMAX model represents the conditional expectation of the dependent
variable yt relative to all lagged zt’s. Bierens (1984) and De Jong (1996)
have, in different ways, extended the ICM test to the case where z is infinite
dimensional, i.e., z = (z0t−1, z

0
t−2, ...)

0, in order to accommodate conditioning
on the infinite past of a k-variate time series process zt. In this paper I shall
review the approach of De Jong (1996).
The space (Ξ, k·k) defined in De Jong (1996) is given as follows. For two

infinite sequences of points in Rk×R∞, ξ and ζ , given by ξ = (ξ01, ξ
0
2, ...)

0 and
ζ = (ζ 01, ζ

0
2, ...)

0, where ξj , ζj ∈ Rk, define the norm

kξ − ζk =
vuut ∞X

j=1

j2|ξj − ζj|2, (5)
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where |ξj − ζj| is the Euclidean norm on Rk. Next, define the space Ξ as

Ξ = {ξ ∈ Rk+1 × R∞ : aj ≤ ξj ≤ bj ,∀j ≥ 1}, (6)

where aj < bj and |aj|, |bj| ≤ cj−2 for some constant c > 0. Note that Ξ has
finite Lebesgue measure. With this definition (Ξ, k·k) is a compact metric
space, and therefore it is totally bounded.
Following Bierens (1990), De Jong now proposes to use the weight func-

tion

wt(ξ) = exp

Ã
t−1X
j=1

ξ0jΦ(zt−j)

!
,

and the Lebesgue measure on Ξ as the measure µ. However, in view of The-
orem 1, De Jong’s results carry over to the more general case

wt(ξ) = w

Ã
t−1X
j=1

ξ0jΦ(zt−j)

!
, (7)

where w(·) is a real-valued function satisfying the conditions of Theorem
1(b), and Φ is a bounded one-to-one mapping. If w(·) is real valued but only
satisfies the conditions of Theorem 1(a), we have to choose aj < 0 < bj , ∀j.
In this case the results of Theorem 1(b) read:

THEOREM 2: Let ut be a random variable satisfying E|ut| < ∞, and
let zt be a k-variate time series process, such that (ut, zt) is stationary. Let
(Ξ, k·k) be defined by (5) and (6), and let

wt(ξ) = w

Ã ∞X
j=1

ξ0jΦ(zt−j)

!
, (8)

where w(·) satisfies the conditions of Theorem 1. Then

P [E(ut|zt−1, zt−2, ...) = 0] < 1
if and only if the set {ξ ∈ Ξ : E (utwt(ξ)) = 0} has Lebesgue measure zero
and is nowhere dense in Ξ.

Proof : De Jong (1997).
The actual test statistic is now similar to (3), and the upper bounds of

the critical values still apply.
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4 The ICM test in EasyReg International

4.1 Cross-section data

If your model is a (nonlinear) cross-section regression model

yj = g(xj , θ0) + uj , j = 1, ..., n, (9)

the default instrumental variables are the components of xj . You may remove
some of these components from the list of instrumental variables, or add
other variables to the list. Once you have confirmed the list of instrumental
variables, they will be standardized by taking them in deviation of their
sample means, and then dividing them by their sample standard errors. Thus,
each component xi,j of xj is standardized as

exi,j = (xi,j − xi) /si,
where

xi =
1

n

nX
j=1

xi,j, s
2
i =

1

n− 1
nX
j=1

(xi,j − xi)2 .

Next, replace xt in (1) with ext = (ex1,t, ...., exk,t)0:
bz(ξ) = 1√

n

nX
t=1

butw (ξ0Φ(ext)) .
The reason will be given below, after discussing the choice of Φ.
The components of the bounded one-to-one mapping Φ in EasyReg are

arctan(.). Thus

Φ(ext) =
⎛⎜⎝ arctan(ex1,t)

...
arctan(exk,t)

⎞⎟⎠ .
Now without standardization, arctan(xi,t) ≈ π/2 if all the xi,t take large
positive values, or arctan(xi,t) ≈ −π/2 if all the xi,t take large negative
values, which would destroy the consistency of the ICM test.
As to the function w(.), EasyReg provides two options,

w(.) = cos(.) + sin(.), (10)
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which is the default option, and

w(.) = exp(.), (11)

which was used in Bierens (1990).
Finally, the only option for the set Ξ in (3) is

Ξ(c) = ×k`=1 [−c, c] , (12)

where c > 0 has to be chosen.

4.2 Computation of the ICM test statistic

Note that

lim
n→∞

1

n

nX
j=1

E
£
u2jφj (ξ)

2¤
= lim

n→∞
1

n

nX
j=1

E

⎡⎣u2j
Ã
w (ξ0Φ(exj))− b (ξ)0A−1 ∂g(xj, θ)

∂θ0

¯̄̄̄
θ=θ0

!2⎤⎦
= p lim

n→∞
1

n

nX
j=1

u2jw (ξ
0Φ(exj))2

−2b (ξ)0A−1
Ã
p lim
n→∞

1

n

nX
j=1

u2j
∂g(xj, θ)

∂θ0

¯̄̄̄
θ=θ0

w (ξ0Φ(exj))!

+b (ξ)0A−1
Ã
p lim
n→∞

1

n

nX
j=1

u2j
∂g(xj, θ)

∂θ0

¯̄̄̄
θ=θ0

∂g(xj, θ)

∂θ

¯̄̄̄
θ=θ0

!
A−1b (ξ)

= p lim
n→∞

1

n

nX
j=1

u2jw (ξ
0Φ(exj))2 + b (ξ)0A−1BA−1b (ξ)− 2b (ξ)0A−1c (ξ)

where

c (ξ) = p lim
n→∞

1

n

nX
j=1

u2j
∂g(xj , θ)

∂θ0

¯̄̄̄
θ=θ0

w (ξ0Φ(xj))

B = p lim
n→∞

1

n

nX
j=1

u2j
∂g(xj, θ)

∂θ0

¯̄̄̄
θ=θ0

∂g(xj, θ)

∂θ

¯̄̄̄
θ=θ0
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Thus,Z
Ξ

σ2(ξ)dξ = lim
n→∞

1

n

nX
j=1

E

∙
u2j

Z
Ξ

φj (ξ)
2 dξ

¸

= p lim
n→∞

1

n

nX
j=1

u2j

Z
Ξ

w (ξ0Φ(exj))2 dξ
+

Z
Ξ

b (ξ)0A−1BA−1b (ξ) dξ − 2
Z
Ξ

b (ξ)0A−1c (ξ) dξ

Denoting, bXj = ∂g(xj , θ)

∂θ0

¯̄̄̄
θ=bθ ,

the matrices A and B can be consistently estimated by

bA = 1

n

nX
j=1

bXj bX 0
j ,
bB = 1

n

nX
j=1

bu2j bXj bX 0
j,

respectively, b (ξ) can be consistently estimated by

bb (ξ) = 1

n

nX
j=1

bXjw (ξ0Φ(xj)) ,
and c (ξ) can be consistently estimated by

bc (ξ) = 1

n

nX
j=1

bu2j bXjw (ξ0Φ(xj)) .
Hence,Z

Ξ(c)

bσ2(ξ)dξ =
1

n

nX
j=1

bu2j Z
Ξ(c)

w (ξ0Φ(xj))
2
dξ

+

Z
Ξ(c)

bb (ξ)0 bA−1 bB bA−1b (ξ) dξ − 2Z
Ξ(c)

bb (ξ)0 bA−1bc (ξ) dξ.
Next, denote

ωj1,j2 (c) = (2c)
−k
Z
Ξ(c)

w (ξ0Φ(exj1))w (ξ0Φ(exj2)) dξ
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Then the ICM test statistic takes the form

bTICM(c) = bT1(c)bT2(c) (13)

where bT1(c) = R
Ξ(c)

|bz(ξ)|2 dξR
Ξ(c)

dξ
=
1

n

nX
j1=1

nX
j2=1

buj1buj2ωj1,j2 (c) (14)

and

bT2(c) =

R
Ξ(c)

bσ2(ξ)dξR
Ξ(c)

dξ
=
1

n

nX
j=1

bu2jωj,j (c) (15)

+
1

n2

nX
j1=1

nX
j2=1

bX 0
j1
bA−1 bB bA−1 bXj2ωj1,j2 (c)

−2 1
n2

nX
j1=1

nX
j2=1

bX 0
j1
bA−1 bXj2bu2j2ωj1,j2 (c) .

To derive ωj1,j2 (c) let

ξ0Φ(exj) = kX
`=1

ξ`φ`,j .

Then it is easy to verify that

ωj1,j2 (c) =
kY
`=1

sin (c (φ`,j1 − φ`,j2))

c (φ`,j1 − φ`,j2)
if w(.) = cos(.) + sin(.),

ωj1,j2 (c) =
kY
`=1

exp (c (φ`,j1 + φ`,j2))− exp (−c (φ`,j1 + φ`,j2))

2.c (φ`,j1 + φ`,j2)

if w(.) = exp (.) .

Note that in these cases ωj1,j2 (0) = 1, so that

bT1(0) =
1

n

nX
j1=1

nX
j2=1

buj1buj2 =
Ã
1√
n

nX
j=1

buj!2 ,
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bT2(0) =
1

n

nX
j=1

bu2j +
Ã
1

n

nX
j=1

bXj!0 bA−1 bB bA−1Ã 1
n

nX
j=1

bXj!

−2
Ã
1

n

nX
j=1

bXj!0 bA−1Ã 1
n

nX
j=1

bXjbu2j
!
,

If the model contains a constant term then by the first-order conditions for
NLLS,

Pn
j=1 buj = 0, hence bT1(0) = 0 and thus TICM(0) = 0. Therefore, c

should not be chosen too close to 0.

4.3 Time series data

If your data consist of time series, EasyReg automatically assumes that you
want to use De Jong’s (1996) version of the ICM test. The default instru-
mental variables are then all the lagged dependent variables and the current
and lagged X variables, if any. If there are X variables in your model, for
example if your model is a (nonlinear) ARX(p) model,

yt = g(yt−1,...,yt−p, xt, θ0) + ut, (16)

or a (nonlinear) ARMAX(p, q) model,

yt = g(yt−1, · · · , yt−p, xt, θ0) + ut − γ1ut−1 − · · ·− γqut−q, (17)

where ut is a martingale difference process, and xt ∈ Rk is a vector of exoge-
nous (X) variables, then the default instrumental variables are yt−j , j ≥ 1,
and all (lagged) xt. However, only the latter are shown in the list of default
instrumental variables. You may remove some or all of the components of xt
from the list of instrumental variables, or add other variables to the list of in-
strumental variables, but you cannot remove the lagged dependent variables.
Once you have confirmed the choice of instruments other than the lagged
dependent variables, you have to specify their minimum lags. In the cases
(16) and (17) I recommend that you adopt the default instruments xt, and
specify zero as the minimum lag. Then the ICM test tests the martingale
difference hypothesis

P (E[ut|zt−1, zt−2, zt−3, .........] = 0) = 1,
where

zt−1 = (yt−1, x0t)
0.
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Similarly to the cross-section case, the zt−j’s in (7) are standardized asezt−j by taking them in deviation of the sample mean, and then dividing them
by the sample standard error. Moreover, the ezt’s that are not observable are
set equal to zero vectors, say for t < 1 Then the actual weight functions are

wt(ξ) = w

Ã
t−1X
j=1

ξ0jΦ(ezt−j)
!
,

with Φ the same as in the cross-section case. Moreover, the set Σ is now
infinite dimensional,

Ξ (c) = ×∞j=1
©×k`=1 £−cj−2, cj−2¤ª

where c > 0 has to be chosen.
Finally, note that the same limiting null distribution and critical values

as in the cross-section case apply.

4.4 Computational options

It is clear from (14) and (15) that if the sample size n is large, the com-
putation of the integrals involved will take a long time on a PC. Therefore
EasyReg offers the option (Option 1) to compute (14) and (15) by Monte
Carlo integration:

bT1(c) ≈ 1

M

MX
j=1

|bz(ξj)|2 , bT2(c) ≈ 1

M

MX
j=1

bσ2(ξj),
where the ξj are random drawings from the uniform distribution Ξ(c). How-
ever, if you choose the option of computing the ICM test exactly (Option
2), you can specify a time period after which you will get a message asking
whether you if want to continue, or to switch to Monte Carlo integration.
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