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1. Introduction
The classicd linear regression mode takes the form
y; = lelJ. + o+ kakJ. U, j o= 1,..n, 1)

wherey; is the dependent variable, the x, ;'s are the independent (or explanatory) varidbles, the u;'s are
unobservable error terms, # isthe sample Size, and the 0,'s are the modd parameters. If the mode

contains an intercept, then one of the.x; 'sisequal to 1, say x4 ;.

Denoting
[ ) (A
Xy, 0,
X, . 0
X, = 2J , 0 = 2 , )
\ k) 5,

we can write modd (1) more compactly as

Y, = ijG o, j=1,..,n 3)

For the time being we assume:
ASSUMPTION 1: The x;,'s are non-stochastic.
ASSUMPTION 2: The u;'s are independent N(0,0°) distributed.

In particular Assumption 1 is very unredigtic for economic data, but we imposeiit for pedagogica
reasons only. Aswill appear |ater on, we may without loss of generdity assumethat thex; 's are



random (except for the one corresponding to the intercept). For example, we may replace Assumption

1 by the assumption that for each ¢ = 1,..,n, u, isindependent of al thex; ;'s.

Denating:
'yl\ X11 = A1 ”1‘
’ - yz,X: X1, ...xk‘z,u: ”2’
\" 1/ Xin X U,

we can cast modd (1) is vector/matrix form as

y=X0 +u, u-~ Nn(O,OZIn),
hence,
y ~ Nn(XG,ozln),

because by Assumption 1, X0 is non-random.

2. Least squares estimation

For an arbitrary vector 6, ¢ R¥ we have:
E((y - X0 )y - XB*)) - E((u + X0 - X0 )T(u + X0 - XG*))

- Hulu - u'X©, - 0) - 0, - 0)XTu + (0, - 0)X'X(0, - 0))

=no® + (0, - 0)IXTX(0, - 0),
whichisminimd for 6, = 0. Thissolutionisuniqueif:

ASSUMPTION 3: The matrix X' X is nonsingular,

“4)

®)

(6)

(7



because then X7 X is positive definite. This result motivates the least squares estimation of 0. In general

an estimator is a function of the data which serves as an approximation of a parameter or a

parameter vector. |n particular, the least squares estimator  of 0 isthe solution of the minimization

problem:

min (v - X0)"(y - x0) =

n‘in(yTy - éTXTy - yTXé + éTXTXé)
6 6

= m'n(yTy - ZGTXTy + éTXTXé).
(]
Thefirg-order condition for the minimum involved is

T AT T ATy ToA R
ATy - ZES R 0'x 'x0) _ 2xTy + 2x7XB - 0,
o

hence:
6 =(x™) .

Remarks: In (9) we have used the notation:

of{x)lox, X,

M) : , where x = 1§ : 8 and f(x) is a function of x.

T
ox oflx)lox, X,
In paticular, if f{x) =a + x"b + x"Cx where

, C = o, with ¢ = Cy (thus C = CT),

then

@®)

©)

(10

(11)

(12)



fc)lox, = = ERA
ox,
n ox; nonoox.c X, n n
_ i ity 13
= bi@x + ZZT = bk + ch,kxk + ' XCip cht/xj 13)
i=1 k i=1 j=1 k i=1 j=

hence

) b + 2Cx. (14)

If C isnot symmetric, we may without loss of generdity replace C in the quadratic function f{(x) by the
symmetric matrix (C + C7)/2 (because x”’Cx = (x"Cx)" = x"Cx), so that then

S _pyoox v Oy, (15)
ox T
3. Properties of the least squares estimator for fixed sample size

Subdtituting (5) in (10) yidds

O =)o + =0+ (X)W (16)

Since u is multivariate normally distributed and X is assumed to be nonstochastic, it followsthat 8 isk-

variate normaly distributed with expectation

E@®)=0+EXX)™XTu) =0 + XX)XE@w) = 6 (17)

(hence 6 isan unbiased estimator) and variance matrix



E((® - 0)(® - 8)) = Her ) i X (x 1) Y = (¢ D0 E G A )
= OZ(XTX)_l.

Moreover, the least squares estimator isthe best linear unbiased estimator (BLUE), in the sense that

(18)

for al esimatorsof theform 6. = Cy, where C isak x n marix suchthat £(6.) = 6, we havethat
Var@®.) = E[B. - 6)6. - 0)] = ®(x"Xx)! + D, where D isapositive semi-define matrix.
The proof of this proposition is quite easy. Firdt, observe that the unbiasedness condition

impliesthat CX =, hence 6, = C(X0 + u) = 0 + Cu,andthus Var(®.) = o’CC . Now

D=0djCCT - (X™X)Y] =cqcCT - cxx™X)xTcT

= 0°Cll, - XX X)'X"|C" = o*CMC T, o
say, where the second equdity follows from the unbiasedness condition CX = [,. The matrix
M=1 -xx™x)'x’ (20)
is idempotent:
M? = (1, - X0 r, - x ) < 1 - 2x{x Ty T
1)

AT XX ) X = 1 - M T X = M,
hence its eigenvalues are either 1 or 0. Since dl the eigenval ues are non-negative, M is postive semi-

definite, and s0is CMC”. Thuswe have:

THEOREM 1: Under Assumptions 1-3, 8 — 0 ~ N [0,0%(X "X)™Y), and 8 is BLUE.

The latter result is known as the Gauss-Markov theorem.



4. Estimation of the error variance

Sincehy (1),
min 2E(y - X0, - X0.)) = 0% (22)
0. n

it seems at first sight a good idea (but not at second sight as will appear) to estimate o2 by

A 1 A A 1¢ A\2 I -
& = 2y - x0)(y - xB) = 2 [y, - x,"6F - Z) a2, 23)
n nj:l nj:l
Whereﬁj =Y - ijé iscdled theresidua of y; (i.e., the part of y; that is |eft over after accounting for

the effect of x;). The quadratic form involved is called the Residual Sum of Squares (RSS):

n

RSS = (y - X0)'(y - X0) = Y} i”. 24)
j=1

Thisis sometimes aso referred to as the Sum of Squared Residuals (SSR).
Note that the RSS can be computed without computing each of the ﬁj 'sseparady, asfollows:
RSS =yTy - »7x0 - 6"x7y + 6'X7X0 =Ty - 0'xTy = 7y - 6'x7xD. (25)
(See Exercise 1) Subgtituting (5) and (16) in (24) yidd:

RSS = (u + X0 - X0)"(u + X0 - X0) = (u - xB-0)Tu - x(B-0))

(26)
= (w - xOXO) WY - (XX) WX = u M,
where M isdefined by (20). Asshownin (21), M isidempotent, hence
rank (M) = trace(M) = trace(]n - X(X TX)’1X7) = trace(l) - tracd X (X X))
(27)
= trace(l,) - tracd (X "x) X TX) = trace(l)) - trace(l,) = n - k.
Thus,
RSS = u™Mu (28)



and consequently, by one of the results for the multivariate norma distribution, heresfter indicated as
“an MND reult” (which one?),

THEOREM 2: Under Assumptions 1-3, RSS/o? ~ szz— 4

Thisresult impliesthat

E[6?] = (n-k)o®n, (29)
hence 62 isabiased estimator. However, the following correction yidlds an unbiased estimator:

2 1 N7 VA
= —(y - X0)"(y-X0).
st === ) ) 30)

Next we show that s and 6 are independent, by showing that (X 7X) X "u and u "Mu are

independent. A necessary and sufficient condition for the latter isthat
XX ™™ = 0. 3D
Condition (31) follows from:
(XTX)_lXT[ B X(XTX)—lXT) _ (XTX)—lXT _ (X TX)—lXTX(X TX)—lXT
(32)
()T - (xTx) T - o.

Summarizing, we have shown that:

THEOREM 3: Under Assumptions 1-3, E(s?) = 0%, (n-k)s?lo® ~ Xi—k’ and s> and 0

are independent.

5. The t-test.

Suppose we want to test the null hypothesis thet the i-th component 6. of 6 equals zero:



Hy. 0, = 0, (33)

which amounts to the hypothesis that the corresponding variable x; ; can be deleted from model (1),
againg the dternative hypothes's

H: 0, # 0. (34)

The generd procedure for testing statistical hypothesisisto congtruct a function of the data, called test
datidtic, that has under the null hypothesis a particular distribution, and under the aternative hypothesis
adigribution thet differs from the one under the null hypothesis.

In order to congtruct atest setistic for the null hypothesis (33), wefirgt isolate 0, and itsleest
squares estimator 9, from 0 and 8, respectively, by taking the linear transformations

0 =-e’0,6 =¢'6 (35)

1 1 i 1

where ¢; isthe i-th column of the &£ x & unit matrix 7,. Thus, e, isak-vector of zeros, except for the i-the
component, which equas 1. Then it follows from Theorem 1, together with an MND result (Exercise:
Which one?), that

6, - 0, - ¢/(0 - 0) ~ Mo.0%,(x7x) ), (36)
hence

6, - 6,

ofe, (X x) e,

Notethat e,”(X "X) e, isjust the i-th diagonal element of (X "x)*. Using the definition of the 7

digtribution, and the result in Theorem 3, it is now easy to verify that



THEOREM 4: Under Assumptions 1-3,

6, - 6,

= ~ e (38)
svei 0.'¢ TX)flel.

Proof: Exercise.

The denominator in the left-hand side expression involved is cdled the standard error (se) of él.:

se(él.) = S\/eiT(X Tx t)'lel.. 39)
Now under the null hypothesis (33) we have

6,

1

t = = ~ e (40)
S‘/ei (XTX)'lei

The datigtic [l iscdled the t-value of éi, and will be our test gtatistic. Most econometric software

packages report either the standard error, or the t-value, or both, for each least squares estimate é,--

Before we turn to the actua testing procedure, we need to pay attention to what happens with
thet-vdueif the null hypothessisfdseg, i.e, if (34) istrue. Then

A

0, - 6, 0,

" Ty Tyy-1 ) Ty Tyy-1 l “1)
S\/ei X 'X) e S‘/ei X 'X) e,

Thefirg termin this expression is ¢ distributed with » — & degrees of freedom, which convergesin

digtribution to the N(0,1) distribution if » increases to infinity:

0. - 0.
P - N(0,1) in distr. if n - . 42)

s‘[el.T(X Xy te,

Moreover,



plim52 = 02, (43)

n-oo

hence

pims = o. (44)

N-oo

Next, assume that

ASSUMPTION 4: Iimnm(lln)zjilx/xl.T = Q, where Q is a finite positive definite matrix.

Then lim X 7XIn = O, hence lim __n(X'X)* = 0 and thus

imyye," (X X ) Te, = yfe, 0T, > 0. 5)

It follows now from (40), (42), (44) and (45) that

THEOREM S: Under Assumptions 1-3 and the null hypothesis (33), tAl ~ t,_,.» whereas
under Assumptions 1-4 and the alternative hypothesis (34), dimnmt;/ yn = 0./ \lozeiTQ ’1el..

Proof: Exercise.

Thus, under the aternative (34) we have for an arbitrary large positive number K,

imP(, >K) =1i6,>0, imP(, < -K) = 10, <0. 46)

n- o0

This result suggests a decison rule where we accept the null hypothesis (33) if for an apriori chosen
constant K > 0, \t:.| < K, and we rgect the null hypothesis (33) in favor of the dternative hypothesis
(3A)is \t:.| > K. Of courseit is possible that the correct null hypothesisis rgjected, with probability

10



o = P(|t,_,| > K). Thisprobability o iscaledthe Type I error, or the significance level, and can
be controlled by choosing K suchthat P(|7,_,| > K) = « for agivenvaueof a, using the table of
the ¢ digribution. Traditiona vaues for the sgnificance level are o = 0.05 (5% sgnificance level) and «
= 0.1 (10% sgnificance levd).

The power function of thetes is:

,0) = P(|r,| > K), 47)

where K, caled critical value, ischosen such that P(|¢,_,| > K) = o for agiven sgnificance leve
. The vaue of the power function under the aternative hypothesis (34) is cdled the power of the test,
and 1 minusthe power is caled the Type 11 error, which is the probability of not rgecting the null
hypothesisif the dternative istrue.

The t-test discussed so far is atwo-sided test, because under the dternative both 6. > 0 and
0. <O aepossble. If the latter is not possible, and the choice is between the null hypothesis 6, =0
agand the dternative 0, > 0, we should conduct a one-sided test: Choose for given significance level
o the critical vdue K suchthat P(r, , > K) = o. Then accept the null hypothesis 8, = 0if 7, < K
and reject the null in favor of the dternative 6, > 0if 7, > K. For the case of the dternative 0, < 0 we

acoept thenull if 7, > -K and we rgject the null in favor of the dternativeif 7, < -K .

6. The F-test
We now consider testing of anull hypothesis of the form

Hy: RO =g, 48)

where Risagiven r x k matrix with rank , and ¢ is» x 1 vector of given congtants. The dternative

we are going to congder isthe dternative that this null hypothesisisfase,

It follows from Theorem 1, together with an MND result (Exercise: Which one?), that

11



RO - 0) - NO,0?R(X"X)RT), (49)

hence it follows from an MND result (which one?) that

q _ A\ Ty \-1p TV\-1piny _
® - 0RR(XY Xz) RTY'RO - 0) 2. 50)
o

Combining this result with the results of Theorem 3, if follows from the definition of the F ditribution

thet

R (1)

rn-

® - ORTRXX)RTY'RO® - 0)Ir
2

N

Thus under the null hypothesis (48) we have:

R A Ty\-1p TV 1lpA _
Ao R - R X_ZZR '@ - gir g (52)

which isthe test gatidtic of the F-test under review.
If the null hypothesis (48) isfase, we have

A0 - 0RREX) 'RV RO - 0)/r

S2

. (RO — @R X)IRT)RE - 0)Ir
2

(33)
S

. (RO~ RXX)RT) RO - g)lr

S2

hence

THEOREM 6: Under Assumptions 1-3 and the null hypothesis (48), F ~ F_ . 1If the

null hypothesis (48) is false then under Assumptions 1-4,

12



imEln = R0~ @"RORTYHRO -~ g)lr

n-o 02

(54)

Proof: Exercise.
This result suggests the following one-sded test: Given asgnificance leve «, look up in the table of the
F digribution the critical vaue K for which P(F,, > K) = «a. Then accept the null hypothesis (48)
if £ < K,andrdectitif 7 > K.

In practice the F-test is conducted differently, as follows: Implement the null hypothesis (48),
and re-estimate the regresson model (5) with the parameter vector 0 reparametrized such that the

condition RO = ¢ holds. This can be done by augmenting the matrix R witha (k-r) x &k matrix R«

0 = , Where is nonsingular. (55)
R q R

0 - - RB + Ry, (56)
R q

say. Subgtituting (56) inmodd (3) yields the restricted model

such that

Then

T T .
Y, © X Ryg = X; Rl[.’) tu, Jo= 1,...,n. (57)

Now estimate the parameter vector 3 by least squares, and compute the Residual Sum of Squares
RSS, involved. Then

13



THEOREM 7: The test statistic F defined by (52) is equal to

(RSS, - RSS)/r
RSSI(n-k)

F’::

Proof: Note that

RSS, = min (v - X8)"(v - X8).

RB,=¢q
The Lagrange function for this minimization problem is

@ =yTy - 200x 7y + B0 x X0, - 2(RO, - ¢)"A.

Thefirg-order conditions for the minimum are:

o oxTy +2xTxB, - 2RTA = 0= B, = (X)W + (xTx) R,
GLH
oY A )
== -2(R0, - q) = 0= RO, =g¢.
AT ° 0
Thus,
6, - 6 + (x"x) R 72,
and
q - RéO = Ré + I{XTX)_]-RT)\/1
hence

= REX)RTYIRD - q).

Substituting (64) in (62) yidds

A

6, =0 - (W) RTR X)) RTYYRE - q).

14
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(39)

(60)

(61)

(62)

(63)

(64)

(65)



Therefore
RsS, = (v - X6 - x(xx) RTRXX) R Y'RE - g))"

x (v - X0 - x(X) RTRECX) R IRD - g)

- ¢ - X0 - xB) - 20 - X0 XX ) RTREX)RT) RO - g)) >
- (XX IRT RO IRT) HRD - @) XX IRTRECTX) IRT) RO - 9)
Since
0 - X0)x = 0 (67)
(why?), this expression smplifies to:
RSS, = RSS + (RO - ¢)RX X)) RO - ¢). (68)

Using the fact that s® = RSS/(n- k), the theorem follows. Q.E.D.

Some econometric software packages automatically report the F-datigtic. This statistic isthe
test Setidtic of the Ftest that dl the dope coefficients are zero, in alinear regresson model with an
intercept. Thuslet the model be asin (1), with x, ; = 1. Then the null hypothesisinvolved is that

Hy: 0, =6, =..=60,=0. (69)

Thisnull hypothesisis equivaent to the hypothesis that the mode can be smplified to

vy =0+ u (70)

Asiseasy to verify, the least squares estimator él of the parameter 6, inmodd (70) isjust the sample

meen of they/'s:

0, =y - W)Yy, (71)
j=1

and the RSS of modd (70) is aso called the Totd Sum of Squares (TSS):

15



7SS = Y (yj -y )2. (72)
j=1
Thus, the Ftest involved is.

£ (TSS - RSS)I(k-1)
RRRI(n—k)

: (73)

which under the null hypothesis (69) hasan £, ., distribution.

7. The R-square
The R? statistic compares the RSS of the model (1) with intercept (thusx, ; = 1) with the RSS
(=TSS) of modd (70):

RSS

R? =1 - ==,
7SS

(74)

Itisessy toverify that O < R? <1, wherethe vaue R? = O corresponds to RSS = TSS, hence the

explanatory variablesx; ;, i = 2,....,k,inmodd (1) do not contribute anything at al to the explanation of

J?
¥;. The case R? = 1 corresponds to RSS = 0, hence Var(u;) = 0. The mode then fitswithout error. The
R? isrelated to the F gatitic (73):

5 R2/(k-1
r = —2( L (75)
(1-R)(n-k)
8 Relaxing the assumption of non-stochastic regressors

As sad before, Assumption 1 istoo redtrictive for economic data. However, we may replace

Assumptions 1-4 by the following assumptions:

16



ASSUMPTION 1©): Conditionally on the random variables in the matrix X, the error

vector u in model (5) satisfies u ~ N (0,1).

ASSUMPTION 20): P(det(X "X) > 0) = 1.

ASSUMPTION 30 plim X TXIn = Q, where Q is a positive definite matrix.

Then:

THEOREM 8: With Assumptions 1-3 replaced by Assumptions 1) and 2, and
Assumption 4 by Assumption 3", Theorem I now holds conditionally on the random variables in

the matrix X, and Theorems 2-7 hold unconditionally.

Proof: Exercise.
Hints: 1t isessy to verify that dl the previous results go through conditiondly on X. In order to

provethat s2 and 6 aretill independent (cf. Theorem 3), observe that the joint density of s2 and 6
conditional on X is now the product of the conditional density of s? and the conditiona density of 0,
given X. But the conditional density of s2 does not depend on X, because (n-k)s2/o? ~ -,
conditionaly on X and therefore dso unconditionaly (why?). Integrating X out in the joint conditiona
density of s2 and 6 then yiddsthe product of the unconditiona density of s? and the unconditiona

dengty of 6, which proves the result involved. The rest of the conclusion of Theorem 8 can be proved
by asmilar algument.
A more generd verson of the above argument is stated in the following lemma:

LEMMA 1: Let x, y and z be random vector or variables such that y and z are

17



conditionally independent, relative to x, i.e., the joint conditional distribution function of y and z,
given x, is the product of the conditional distribution function of y and the conditional

distribution function of z, given x. If z and x are independent then y and z are independent.

Proof’ For convenience assume that the joint distribution of x, y and z is continuous, with
margina densitiesf(x), 1,(v) and f.(z), and condiitiond densitiesf,.(v.z | x), f,(v | x) and f.(z | x). Since z
and x are independent we havef.(z | x) = f.(z). Now

502 = (1,023, 0 = [V ERY,@dx = [£,6x),@dx )
- £0)2).

(76)
This result, however, dso holds without the assumption that x, y and z are continuoudy distributed.

9. Large sample theory without the normality assumption
If our sample size n islarge, we may even get rid of the normaity assumption on the errors u; in

model (1). Assume that the source of the data{ (y;.x;),j = 1,...,n} isarandom sample

ASSUMPTION 1: The random vectors (yj,ij)T, j =1,..,n,.., (or the sub-vectors
of random variables if one of the components of x; equals 1) are i.i.d. Moreover,
E(yj\xj) = ijG, hence E(u;|x)) = O.Furthermore, Var(uj|x/.) = 0° < o, andE(x/ij) =0,

where Q is the same positive definite matrix as in Assumption 3©.

Then:

THEOREM 9: Under Assumptions 107 and 2©) we have:

E®) = 0, E(s? = o (77)

Conditional on X, the least squares estimator 0 is BLUE. Moreover, under the additional

18



Assumption 3" we have:

. A . 2 2
F:ETG - 0, E“TS = 0%, (78)
ﬁ(é - 0) - Nk(0,0fol) in distr. as n - «, (79)

the t-value t, of the i-th component of 0 satisfies

(a) if 6, = O then t:. - N(O,1) in distr as n - oo,

(b) if 6, + O then pimi i = 0,40%, 0 e, # 0, 80)

N- oo

and the F-statistic F for testing the null hypothesis RO = g, where R is a r X k matrix with rank
r, satisfies

(@) if RO = g then rF - Xf in distr as n - o,
(b) if RO # g then pimrEln = (RO - ¢) (RO RY'(RO - ¢)/o® > 0.

N-oo

@1

Proof: Assumption 1 impliesthat E(u|X) = 0 and E(uu "|X) = o'I , whichin their tum

imply the unbiasedness of the two estimators (Proof: Exercise). Moreover, Assumption 1¢°) and the
law of large numbersimply thet plim__ (1/n).X "u = 0. Together with Assumptions 2 and 3¢ this
result implies (78). Furthermore, Assumption 1¢*) and the central limit theorem imply that

(U)X "u ~ N,(0,0°Q) indistribution (Proof: Exercise). Together with Assumption 3 this resuit

implies (79). The rest of Theorem 9 is easy to prove.

10. Tests of structural change: The Chow tests
The dasscd linear regresson mode (1) assumes that the parameters are the same for dl

observations. In order to test this crucia hypothesis, the sampleis split in say m subsamples of sizes

19



Mg,y ESPECiVEY, With 7 = X7 0. and n; > k, where the parameters are alowed to be different

across subsamples.
Y= 0pgxg; + o+ O+ ug, J = 1..ng,
y, = 62,1x111. + o+ ez,kxk,j tu, Jj=n, + l..,n-+n,
.................................................... (82)
m-1
v, =0, % e 0, )= Z; n + 1..n.
For each subsample i we can write the modd in matrix form as
y@ = x000 + 4@ =1, m, (83)
and stacking dl these equations yidds the unrestricted model.:
yOY (x® o . o )few [, )
»@ o x® o lte® @
= + : (84)
y o) o o . x™lemf (™)

Note that the total number of parametersis kxm. It isnot hard to verifythat the least squares estimators

6 of the parameter vectors 8¢ are;
6o - (X(i) T X(z’)}*l x (07,0 (85)

and that the RSS, of modd (84) isjudt the sum of the resdua sums of squares RSS; of the regressons
(83):

RSS, = ) RSS. (86)
i=1

The null hypothessthat mode (3) is correct corresponds to the set of hypotheses

20



o) = @
0@ - g®
Hy 7, 87)
gim-1) — glm)
hence the tota number of redtrictionsis (m -1)xk. Therefore:

THEOREM 10: (Chow test) The F test of the hypothesis (87) is:

. (RSS - X RSS)/((m-1)k)
r o= (88)
(X7 RSS Y(n~km)

where RSS is the residual sum of squares of the restricted model (3). Under the null hypothesis

involved this F statistic is F .1y, 1, distributed.

If one of the subsample sizesn; isless or equd to the number & of parameters, it is possible to
fit the corresponding regression (83) without any resduds, so that RSS; = 0 (why?). This case, with m
= 2, may occur for example in a Stuation where the modd is used for prediction and we want to test
whether the predicted dependent varigble y, is governed by the same model asfor the observations; <
n-1. Inthat case the degrees of freedom of the F test will be different, as we will demongtrate now for
the case m = 2. Thus, we want to test the vaidity of the null mode (1) againg the dternative mode

Y, = el,lxl,j + o elykxkd. U, J = 1..ng, )
y; = 62,1x1J + o 627kxkd. toug, Jj=n,+ l..n,
where
n, =n - ny <k. (90)

Snceinthiscase RSS, = 0, the F test now compares the RSS of the restricted modd (1) for the full

sample of Sze n, with the RSS; of the regression for the larger subsample of size n;:

21



THEOREM 11: (Chow predictive test) The F test of the null hypothesis that model (1)

applies to all observations against the alternative that model (89) with (90) applies, takes the

form

(RSS - RSS,)In,
RRS (i, F) ©D

which under the null hypothesis has an F npuny distribution.

F’\':

Proof’ Adopting the matrix notation (83) of the models for the two subsamples, we can write

RSS = u [I-X(x X)X Y

I O P \)
Y@

01, ) 92)

[”1 o EX(l) (XTX)le(l)T X(l) (XTX)le(Z)T\

u = u "Mu,

112 }

sy, and
RSS, = u(l):II _X(l)(X(l)TX(l))—lx(l):}‘(1)
ny
In1 0 x® (X(l)TX(l))—lX(l)T 0O 93)
= - u = uTMlu,
O 1 0 I
n2 2

say, hence
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RSS - RSS,

o XOxOIxWy1xyM 7 o . {X(l)(XTX)lX(l)T X(l)(XTX)lX(Z)T}u 08
0 [n2 X(Z)(XTX)le(l)T X(Z)(XTX)—lX(Z)T

= u TMZu :
say. Clearly, the matrix M, isidempotent, with rank(M;) = trace(M,) = n, - k. Als0 M, isidempotent,
because

XOEOTYD)yyWr o {X(l)(XTX)lX(l)T X(l)(XTX)lX(Z)T}

1) In2 XO(xTx)yy®WT x@xTy)yly@T
95
X(l) (X TX)le(l) T X(l) (X TX)le(Z) T
hence MM = MM, = M, andthus (M - M,)?> = M - M,. Therank of M, is rank(M,) = trace(M,) =
trace(M) - trace(M,) = (n - k) - (n, - k) = n - n; = n,. Usng an MND result (which one?), it now
follows that under the null hypothesis
(RSS-RSS)Io® ~ x5, RSSf0® ~ 1, 4. (96)

Findly it remains to show that the two random variables involved are independent. This follows from
the fact that M M, = My(M - My) = MM - MM, = M, - M; = O, and an MND result (which one?).
QED.

11. Tests of partial structural change
If some but not al of the parameters are alowed to be different across subsamples, the F tests
in section 10 no longer gpply. We then have to merge the different modes by usng dummy variables,

Toillugrate this, congder the bivariate regressons
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Y = 61’1 + Gzllxj tu, J o= 1,..,n,

: o7
y; = 61’2 + ezlzxj o, o= n+1,...n
Consder firg the case with maintained hypothesis
Case 11 0,, = 6,, = 6,
(A maintained hypothessis a hypothess that is assumed to hold under both the null and dternative
hypothesis). Rewriting 8, , = 0,, 0,, = 6, + 85, and creating the dummy variable
dj =0forj=1,..,n), a’j = 1jforj = ny+1,..,n, (98)
we can now merge the two models involved into a Sngle reparametrized modd:
y; = 0, + Ozxj + 63a’j tu, j=1,..n, (99)

and the null hypothesis that the two models are the same is now equivaent to the hypothesis 6, = 0,

which can de tested by the t-test.
The case with maintained hypothesis
Case 2: 0., = 0,, = 0,

issmiler. Rewriting 6,, = 0,, 8,, = 0, + 85, we can merge the two modelsinvolved into asingle
moadl:
v, = 0p + 0+ 03(dx) +u, j=1...n (10

and the null hypothesis that the two models are the same is again equivaent to the hypothesis 6, = 0.
The extension of this gpproach to multivariate modes is straightforward and |eft to the reeder.
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Exercises:

Prove (25).

Which MND?* result is used in the proof of Theorem 2?

Prove (29).

Which MND results are used to show that 2 and 0 are independent (c.f. Theorem 3)?

Which MND resultsare used in (36) and (37)?

Givethe details of the proof of Theorem 4. In particular, indicate which MND results are used.
Prove (42).

Prove (43).

© © N o g M~ w Dd PR

Givethe detalls of the proof of Theorem 5. In particular, indicate which MND results are used.
Which MND resultsare used in (49) and (50)?

Give the details of the proof of Theorem 6. In particular, indicate which MND results are used.
Why is(67) true?

Givethe details of the proof of Theorem 8.

Give the details of the proof of Theorem 9.

Which MND results are used in (96)?

e L < e
a ~ w0 D PO

1 Recdl that MND sands for Multivariate Norma Distribution.
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