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1 Orthogonal Polynomials
Let w(x) be a non-negative Borel measurable real-valued function on R sat-
isfying Z ∞

−∞
|x|k w(x)dx ∈ (0,∞) for k = 0, 1, 2, .....

where the integral involved is the Lebesgue integral. Without loss of gener-
ality we may assume that w is a density function. Let

pk(x|w) =
kX
j=0

αk,jx
j, αk,k = 1, k = 0, 1, 2, ....., (1)

be a sequence of polynomials in x ∈ R such thatZ ∞

−∞
pk(x|w)pm(x|w)w(x)dx = 0 if k 6= m. (2)

In words, the polynomials pk(x|w) are orthogonal with respect to the weight
function w(x).
Defining

pk(x|w) =
pk(x|w)qR∞

−∞ pk(y|w)2w(y)dy
(3)
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yields a sequence of orthonormal polynomials w.r.t. w(x):Z ∞

−∞
pk(x|w)pm(x|w)w(x)dx =

½
0 if k 6= m,
1 if k = m.

(4)

This sequence is uniquely determined by w(x), except for signs. In other
words, |pk(x|w)| is unique. To show this, suppose that there exists another
sequence p∗k(x|w) of orthonormal polynomials w.r.t. w(x). Since p∗k(x|w) is a
polynomial of order k, we can write p∗k(x|w) =

Pk
m=0 βm,kpm(x|w). Similarly,

we can write pk(x|w) =
Pk

m=0 αm,.kp
∗
m(x|w). Then for j < k,Z ∞

−∞
p∗k(x|w)pj(x|w)w(x)dx =

jX
m=0

αm,j

Z ∞

−∞
p∗k(x|w)p∗m(x|w)w(x)dx

= 0

andZ ∞

−∞
p∗k(x|w)pj(x|w)w(x)dx =

kX
m=0

βm,k

Z ∞

−∞
pm(x|w)pj(x|w)w(x)dx

= βj,k

Z ∞

−∞
pj(x|w)2w(x)dx = βj,k,

hence βj,.k = 0 for j < k and thus

p∗k(x|w) = βk,kpk(x|w).
Moreover, by normality,

1 =

Z ∞

−∞
p∗k(x|w)2w(x)dx = β2k,k

Z ∞

−∞
pk(x|w)2w(x)dx = β2k,k,

so that p∗k(x|w) = ±pk(x|w). Consequently, |pk(x|w)| is unique.

2 The Hilbert Space Spanned by Orthonor-
mal Polynomials

The reason for considering orthonormal polynomials is the following.
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Theorem 1. Let w(x) be a density function with support (a, b), −∞ ≤ a <
b ≤ ∞, satisfying the moment conditionsZ b

a

|x|k w(x)dx <∞ (5)

for k = 0, 1, 2, ..... Let L2w (a, b) be the Hilbert space of Borel measurable real
functions f on (a, b) satisfying

R b
a
f(x)2w(x)dx < ∞, with inner product

hf, gi = R b
a
f(x)g(x)w(x)dx and associated norm kfk = phf, fi and metric

||f − g||. For an arbitrary function f ∈ L2w (a, b) , let

fn(x) =
nX
k=0

γkpk(x|w), n ∈ N,

where for k ∈ N,1

γk = hf, pki =
Z b

a

f(x)pk(x|w)w(x)dx (6)

Then
lim
n→∞

kf − fnk = 0. (7)

This result implies that every function f ∈ L2w (a, b) can be written as

f(x) =
∞X
k=0

γkpk(x|w) a.e. on (a, b). (8)

Proof : Appendix.
Note that condition (5) holds trivially if the support of w(x) is bounded:

max (|a| , |b|) < ∞. However, as is well-known, condition (5) also holds for
the standard normal density, the exponential density and more generally the
density of the Gamma distribution, for example.
Since for every density w (x) with support (a, b) ,

R b
a
f (x)2 dx <∞ implies

that f (x) /
p
w (x) ∈ L2w (a, b) , the following corollary of Theorem 1 holds

trivially.

1N = {0, 1, 2, 3, ......}.
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Corollary 1. Let L2 (a, b) be the Hilbert space of square integrable Borel mea-
surable real functions on (a, b), with inner product hf, gi = R b

a
f (x) g (x) dx

and associated norm and metric. Every function f ∈ L2 (a, b) can be written
as

f(x) =
p
w(x)

Ã ∞X
k=0

γkpk(x)

!
a.e. on (a, b),

where w ∈ M(a, b), the pk(x)’s are the orthonormal polynomials generated
by w(x) and the γk’s are the Fourier coefficients of f(x)/

p
w(x), i.e.,

γk =

Z b

a

f(x)pk(x)
p
w(x)dx.

This result implies that the functions

ψk (x|w) = pk(x|w)
p
w(x), w ∈M(a, b), k ∈ N,

form a complete orthonormal sequence2 in L2 (a, b).

Of course, the ψk (x|w)’s are no longer polynomials.
If max (|a| , |b|) < ∞ then there is another way to construct a complete

orthonormal sequence in L2 (a, b) , as follows. Let W (x) be the distribution
function of a density w with bounded support (a, b). Then

G (x) = a+ (b− a)W (x)

is a one-to-one mapping of (a, b) onto (a, b), with inverse

G−1 (y) =W−1 ((y − a) / (b− a))
where W−1 is the inverse of W (x) . For every f ∈ L2 (a, b) ,

(b− a)
Z b

a

f (G (x))2w(x)dx =

Z b

a

f (G (x))2 dG (x) =

Z b

a

f (x)2 dx <∞.

Hence f (G (x)) ∈ L2 (w) and thus by Theorem 1,

f (G (x)) =
∞X
k=0

γkpk(x) a.e. on (a, b)

2See for example Young (1988) for the definition of complete orthonormal sequences.
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where

γk =

Z b

a

f (G (x)) pk(x|w)w(x)dx =
1

b− a
Z b

a

f (G (x)) pk(x|w)dG(x)

=
1

b− a
Z b

a

f (x) pk
¡
G−1 (x) |w¢ dx

Consequently

f (x) = f
¡
G
¡
G−1 (x)

¢¢
=

∞X
k=0

γkpk
¡
G−1 (x)

¢
a.e. on (a, b)

Note that dG−1 (x) /dx = dG−1 (x) /dG (G−1 (x)) = 1/G0 (G−1 (x)) , so
that Z b

a

pk
¡
G−1 (x) |w¢ pm ¡G−1 (x) |w¢ dx

=

Z b

a

pk
¡
G−1 (x) |w¢ pm ¡G−1 (x) |w¢G0 ¡G−1 (x)¢ dG−1 (x)

=

Z b

a

pk (x|w) pm (x|w)G0 (x) dx

= (b− a)
Z b

a

pk (x|w) pm (x|w)w (x) dx = (b− a) I (k = m)

Thus,

Corollary 2. Let w be a density with bounded support (a, b). Let W be the
c.d.f. of a density w, with inverse W−1. Then the functions

ψk (x|w) = pk
¡
W−1 ((x− a) / (b− a)) |w¢ /p(b− a), k ∈ N,

form a complete orthonormal sequence in L2 (a, b), i.e., every f ∈ L2 (a, b)
can be written as f (x) =

P∞
k=0 αkψk (x|w) a.e. on (a, b), where αk =

R b
a
f (x)

ψk (x|w) dx.

3 The Three-Term Recurrence Relation
It follows from (1) that p0(x|w) ≡ 1, and it follows from (2) that p1(x|w) =
α1,0+x can be constructed by solving

R∞
−∞ (α1,0 + x)w(x)dx = α1,0

R∞
−∞w(x)
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dx+
R∞
−∞ x.w(x)dx = 0, hence

α1,0 = −
Z ∞

−∞
x.w(x)dx

ÁZ ∞

−∞
w(x)dx.

The question now arises how to construct these orthogonal polynomials fur-
ther for k ≥ 2.
The answer is the following.

Theorem 2. Every sequence of polynomials pk(x|w) =
Pk

j=0 αk,jx
j, with αk,k

= 1, satisfying the orthogonality condition (2), can be generated recursively
by the three-term recurrence relation (hereafter referred to as TTRR)

pk+1(x|w) + (bk − x) pk(x|w) + ckpk−1(x|w) = 0, k ≥ 1, (9)

where

bk =

R∞
−∞ x.pk(x|w)2w(x)dxR∞
−∞ pk(x|w)2w(x)dx

(10)

and

ck =

R∞
−∞ pk(x|w)2w(x)dxR∞
−∞ pk−1(x|w)2w(x)dx

(11)

Proof : Appendix.
Note that bk is invariant for the normalization αk,k = 1, but ck is not. In

the case

p
k
(x|w) =

kX
j=0

αk,jx
j, αk,k 6= 0,Z

p
k
(x|w)p

m
(x|w)w(x)dx = 0 for k 6= m

we have pk(x|w) = pk(x|w)/αk,k, so that

ck =

R∞
−∞ pk(x|w)2w(x)dxR∞
−∞ pk−1(x|w)2w(x)dx

=
α2k,k

α2k−1,k−1
ck

The TTRR for p
k
(x|w) now becomes

akpk+1(x|w) + (bk − x) pk(x|w) + ck.ak−1pk−1(x|w) = 0, k ≥ 1,
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where ak = αk1,k/αk+1,k+1 = limx→∞ x.pk(x|w)/pk+1(x|w). Thus,

Theorem 3. Without the normalization αk,k = 1 in (1) the TTRR for
pk(x|w) becomes

akpk+1(x|w) + (bk − x) pk(x|w) + ckpk−1(x|w) = 0, k ≥ 1, (12)

where

ak = lim
|x|→∞

x.pk(x|w)
pk+1(x|w) , bk =

R∞
−∞ x.pk(x|w)2w(x)dxR∞
−∞ pk(x|w)2w(x)dx

and

ck = ak−1

R∞
−∞ pk(x|w)2w(x)dxR∞
−∞ pk−1(x|w)2w(x)dx

.

It follows now from Theorem 3 that:

Theorem 4. Every sequence pk(x|w) of orthonormal polynomials with re-
spect to a weight function w(x) can be generated recursively by the TTRR

ak+1.pk+1(x|w) + (bk − x) pk(x|w) + ak.pk−1(x|w) = 0, k ≥ 1. (13)

where

ak =

¯̄̄̄
lim
|x|→∞

x.pk−1(x|w)
pk(x|w)

¯̄̄̄
(14)

and

bk =

Z ∞

−∞
x.pk(x|w)2w(x)dx. (15)

Proof : Appendix.

4 Examples of Orthonormal Polynomials

4.1 Hermite Polynomials

If w(x) is the density of the standard normal distribution, the orthonormal
polynomials involved satisfy the TTRR

√
k + 1pk+1(x|w)−

1√
k + 1

x.pk(x|w) +
√
kpk−1(x|w) = 0, k ≥ 1,
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starting from p0(x|w) = 1, p1(x|w) = x. Thus in this case ak =
√
k and

bk = 0 in (13). These polynomials are known as Hermite3 polynomials.
It follows from Theorem 1 that the Hermite polynomials span the Hilbert

space L2w (R) , where w(x) = exp (−x2/2) /√2π. Consequently, any density
f(x) on R can be represented by

f(x) = w (x)

Ã ∞X
k=0

γkpk(x|w)
!2

where
P∞

k=0 γ
2
k = 1.

Gallant and Nychka (1987) propose to use these polynomials to generalize
the standard normal density to a semi-nonparametric (SNP) density function

fn(x) = w (x)

Ã
nX
k=0

γk,npk(x|w)
!2
,

where
Pn

k=0 γ
2
k,n = 1.

4.2 Laguerre Polynomials

The standard exponential density function

w(x) = I (x ≥ 0) exp (−x) ,
where I(.) is the indicator function, gives rise to the orthonormal Laguerre4

polynomials, with TTRR

(k + 1) pk+1(x|w) + (2k + 1− x) pk(x|w) + k.pk−1(x|w) = 0, k ≥ 1,
starting from p0(x|w) = 1, p1(x|w) = x − 1. Thus in this case ak = k and
bk = 2k + 1.

4.3 Legendre Polynomials

The uniform density on [−1, 1],

w(x) =
1

2
I (|x| ≤ 1) ,

3Charles Hermite (1822-1901).
4Edmund Nicolas Laguerre (1834-1886)
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generates the orthonormal Legendre5 polynomials on (−1, 1), with TTRR
k + 1√

2k + 3
√
2k + 1

pk+1(x|w)− x.pk(x|w) (16)

+
k√

2k + 1
√
2k − 1pk−1(x|w) = 0, k ≥ 1,

starting from p0(x|w) = 1, p1(x|w) =
√
3x.

4.4 Shifted Legendre polynomials

Note that the orthonormal Legendre polynomials pk(x|w) satisfyZ 1

0

pk(2u− 1|w)pm(2u− 1|w)du

=
1

2

Z 1

0

pk(2u− 1|w)pm(2u− 1|w)d (2u− 1)

=
1

2

Z 1

−1
pk(x|w)pm(x|w)dx = I (k = m)

Hence,
ρk(u) = pk(2u− 1|w), k = 0, 1, 2, ....,

is a sequence of orthonormal polynomials w.r.t. the uniform density on [0, 1],

w(u) = I (0 ≤ u ≤ 1)

The ρk(u)’s are known as the shifted Legendre polynomials, also called
the orthonormal Legendre polynomials on the unit interval [0, 1]. Substituting
x = 2u− 1 and pk(x) = ρk(u) in (16) yields the TTRR

(k + 1) /2√
2k + 3

√
2k + 1

ρk+1(u) + (0.5− u) .ρk(u)

+
k/2√

2k + 1
√
2k − 1ρk−1(u) = 0, k ≥ 1,

starting from ρ0(u) = 1, ρ1(u) =
√
3 (2u− 1) .

5Adrien-Marie Legendre (1752-1833)
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These Legendre polynomials have been used by Bierens (2007) and Bierens
and Carvalho (2007) to model semi-nonparametrically the unobserved hetero-
geneity of interval-censored mixed proportional hazard models and bivariate
mixed proportional hazard models, respectively.
In particular, the conditional survival function of a mixed proportional

hazard model, proposed by Lancaster(1979), takes the form

S(t|X) = P [T > t|X] = E [exp (−V.ϕ (X)Λ(t))|X]

where T is a duration, X is a vector of covariates, ϕ (X) > 0 is the systematic
hazard possibly depending on parameters,6 Λ(t) =

R t
0
λ(τ )dτ is the integrated

baseline hazard, with λ(t) ≥ 0 the baseline hazard, and V > 0 represents the
unobserved heterogeneity, which is assumed to be independent of X.
With G(v) the unknown distribution function of V , S(t|X) takes the form

S(t|X) =
Z ∞

0

exp (−v.ϕ (X)Λ(t)) dG(v) = H (exp (−ϕ (X)Λ(t)))

where

H(u) =

Z ∞

0

uvdG(v), u ∈ [0, 1],

is a distribution function on [0, 1], with density

h(u) =

Z ∞

0

vuv−1dG(v). (17)

The corresponding conditional density function of T is

ψ(t|X) = −∂S(t|X)/∂t
= h (exp (−ϕ (X)Λ(t))) exp (−ϕ (X)Λ(t))ϕ (X)λ(t)

Elbers and Ridder (1982) have shown that under the normalization

E[V ] =

Z ∞

0

vdG(v) = 1 (18)

and some mild regularity conditions the MPH model is nonparametrically
identified. Note that the condition (18) is equivalent to h(1) = 1.

6Usually ϕ (X) is parametrized as ϕ (X) = exp(β0X).
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Bierens (2007) has proposed to model the density h(u) semi-nonparametrically,
using orthonormal Legendre polynomials ρk(u) on [0, 1], as

hn(u) =
(1 +

Pn
k=1 δkρk(u))

2

1 +
Pn

k=1 δ
2
k

. (19)

This is motivated by the fact that for any density function h(u) on [0, 1] there
exists a sequence δk satisfying

P∞
k=1 δ

2
k <∞ such that

h(u) =
(1 +

P∞
k=1 δkρk(u))

2

1 +
P∞

k=1 δ
2
k

(20)

4.5 Chebyshev Polynomials

Chebyshev polynomials are generated by the weight function

w(x) =
1

π
√
1− x2 I (|x| < 1) .

This is a density function on (−1, 1). To see this, let θ = arccos(x), so that
x = cos(θ), and observe that

dx

dθ
= − sin(θ) = −

p
1− cos2 (θ) = −

√
1− x2,

hence
d arccos(x)

dx
=

−1√
1− x2 (21)

Then Z 1

−1

1

π
√
1− x2dx = −1

π

Z 1

−1
d arccos(x)

=
arccos(−1)− arccos(1)

π
= 1

because arccos(−1) = π and arccos(1) = 0.
The orthogonal (but not orthonormal) Chebyshev polynomials pk(x|w)

satisfy the TTRR

pk+1(x|w)− 2xpk(x|w) + pk−1(x|w) = 0, k ≥ 1, (22)
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starting from p0(x|w) = 1, p1(x|w) = x, with orthogonality propertiesZ 1

−1

pk(x|w)pm(x|w)
π
√
1− x2 dx =

⎧⎨⎩ 0 if k 6= m,
1/2 if k = m > 0,
1 if k = m = 0.

An important practical difference with the other polynomials discussed
so far is that Chebyshev polynomials have a closed form7:

pk(x|w) = cos (k. arccos(x)) . (23)

To see this, observe from (21) and the well-known sine-cosine formulas thatZ 1

−1

cos (k. arccos(x)) cos (m. arccos(x))

π
√
1− x2 dx

= −1
π

Z 1

−1
cos (k. arccos(x)) cos (m. arccos(x)) d arccos(x)

=
1

π

Z π

0

cos (k.θ) cos (m.θ) dθ

=
1

2π

Z π

0

cos ((k +m) θ) dθ +
1

2π

Z π

0

cos ((k −m) θ) dθ

=
1

2

µ
sin ((k +m) π)

(k +m) π
+
sin ((k −m) π)
(k −m) π

¶

=

⎧⎨⎩ 0 if k 6= m,
1/2 if k = m > 0,
1 if k = m = 0.

(24)

Moreover, the TTRR (22) follows from

cos ((k + 1) .θ)− 2 cos(θ) cos (k.θ) + cos ((k − 1) .θ)
= cos (k.θ) cos(θ)− sin (k.θ) sin(θ)− 2 cos(θ) cos (k.θ)
+ cos (k.θ) cos(θ) + sin (k.θ) sin(θ) = 0.

Hence, the functions (23) satisfy the TTRR (22) and are therefore genuine
polynomials.

7Note that arccos(x) = atan
¡−x/√1− x2¢ + 1

2 .π, where atan(x) is the inverse of the
tangents function tan(θ) = sin(θ)/ cos(θ), θ ∈ (−π/2,π/2) . In most programming lan-
guages the function atan(x) is an intrinsic function. For example, in Visual Basic this
function is the ATN(x) function.
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In view of (24) we can now define the orthonormal Chebyshev polynomials
as

Ck(x) =

½
1 for k = 0,√
2 cos (k. arccos(x)) for k ≥ 1.

Thus, it follows from Corollary 1 that every function f ∈ L2 (−1, 1) can be
written as

f (x) =

P∞
k=0 γkCk(x)

π
√
1− x2 a.e. on (−1, 1),

where

γk =

Z 1

−1

f (x)Ck(x)p
π
√
1− x2

dx

4.6 Shifted Chebyshev polynomials

Similar to the shifted Legendre polynomials, let for u ∈ [0, 1],

Ck(u) =

½
1 for k = 0√
2. cos (k. arccos(2u− 1)) for k ≥ 1 (25)

and let
wc(u) =

2

π
q
1− (2u− 1)2

=
1

π
p
u (1− u) . (26)

Observe from (21) that

wc(u) =
1

π

d (− arccos(2u− 1))
du

(27)

so that the c.d.f. of wc(u) is

Wc(u) =

Z u

0

wc(x)dx = 1− π−1 arccos(2u− 1). (28)

Moreover, it is easy to verify from (24) thatZ 1

0

Ck(u)Cm(u)wc(u)du =

½
0 if k 6= m,
1 if k = m.
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5 Cosine Series Approximation of Functions
in L2 (0, 1)

5.1 Chebyshev Approximation of Functions in L2 (0, 1)

Consider the Hilbert space L2wc (0, 1) spanned by the shifted Chebyshev poly-
nomials (25). Recall from Theorem 1 that L2wc (0, 1) contains all Borel mea-
surable real functions f(u) on [0, 1] satisfyingZ 1

0

f(u)2wc(u)du <∞ (29)

where wc(u) is defined by (26).
The condition (29) is stronger a condition than in the case of the Hilbert

space L2 (0, 1) because min0≤u≤1wc(u) = wc(1/2) = 2/π, so that (29) impliesZ 1

0

f(u)2du ≤ π

2

Z 1

0

f(u)2wc(u)du <∞,

but not the other way around. Thus, L2wc (0, 1) ⊂ L2 (0, 1) .
On the other hand, it follows from Corollary 1 that every function f ∈

L2 (0, 1) can be written as

f (u) =
p
wc(u)

∞X
k=0

γkCk(u)

=
p
wc(u)

Ã
γ0 +

∞X
k=1

γk
√
2 cos (k. arccos(2u− 1))

!
(30)

a.e. on (0, 1), where

γk =

Z 1

0

³
f (u) /

p
wc(u)

´
Ck(u)wc(u)du =

Z 1

0

f (u)Ck(u)
p
wc(u)du.

5.2 Cosine Series Representation

It is easy to verity that the c.d.f. Wc (u) defined by (28) has inverse

W−1
c (u) =

1

2
(1 + cos (π (1− u)))
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It follows therefore from Corollary 2 that every function f ∈ L2 (0, 1) can be
written as

f(u) = γ0 +
∞X
k=1

γk
√
2 cos

¡
k. arccos(2W−1

c (u)− 1)¢
= γ0 +

∞X
k=1

γk
√
2 cos (kπ (1− u))

= γ0 +
∞X
k=1

γk (−1)k
√
2 cos (kπu)

= α0 +
∞X
k=1

αk
√
2 cos (kπu)

where

αk = γk (−1)k = (−1)k
Z 1

0

f (u)Ck

µ
1

2
(1 + cos (π (1− u)))

¶
du

=

( R 1
0
f (u) du if k = 0,R 1

0
f (u)

√
2 cos (kπu) du if k ≥ 1.

In other words,

Theorem 5. The functions

κk (u) =

½
1 if k = 0,√
2 cos (kπu) if k ≥ 1,

form a complete orthonormal sequence in L2 (0, 1). Thus, given a function
f ∈ L2 (0, 1) , let

fn(u) = α0 +
nX
k=1

αk
√
2 cos (kπu)

be the projection of f on κ0,κ0, ....,κ0. Then αk =
R 1
0
f (u) κk (u) du,

P∞
k=0 α

2
k <

∞, and
lim
n→∞

Z 1

0

(f(u)− fn(u))2 du = lim
n→∞

∞X
k=n+1

α2k = 0.
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Consequently,8 f can be written as

f(u) = α0 +
∞X
k=1

αk
√
2 cos (kπu) a.e. on (0, 1).

5.3 Comparison with Classical Fourier Analysis

As is well-known9, the functions

1,
√
2 cos (kπx) ,

√
2 sin (kπx) , k = 1, 2, 3, ....

form a complete orthonormal sequence in L2 (−1, 1) with respect to the
weight function w (x) = 1

2
I (|x| ≤ 1) . Thus, for every real function g ∈

L2 (−1, 1) ,
lim
n→∞

Z 1

−1
(g (x)− gn (x))2 dx = 0. (31)

where

gn (x) = α0 +
nX
k=1

αk
√
2 cos (kπx) +

nX
k=1

βk
√
2 sin (kπx) (32)

with

α0 =
1

2

Z 1

−1
g (x) dx

αk =
1

2

Z 1

−1

√
2 cos (kπx) g (x) dx

βk =
1

2

Z 1

−1

√
2 sin (kπx) g (x) dx

∞X
k=1

α2k < ∞,
∞X
k=1

β2k <∞.

Let f (u) ∈ L2 (0, 1) be arbitrary, and let g (x) = f (|x|) . Then g (x) ∈
L2 (−1, 1), with Fourier coefficients

α0 =
1

2

Z 1

−1
f (|x|) dx =

Z 1

0

f (u) du

8Similar to Theorem 1.
9See for example Young (1988)
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αk =
1

2

Z 1

−1

√
2 cos (kπx) f (|x|) dx =

Z 1

0

√
2 cos (kπu) f (u) du

βk =
1

2

Z 1

−1

√
2 sin (kπx) f (|x|) dx = 0

Hence it follows from (31) that

lim
n→∞

Z 1

0

Ã
f (u)− α0 −

nX
k=1

αk
√
2 cos (kπu)

!2
du (33)

=
1

2
lim
n→∞

Z 1

−1

Ã
f (|x|)− α0 −

nX
k=1

αk
√
2 cos (kπx)

!2
dx

= 0

Similar to the proof of Theorem 1 is follows now from (33) that

f (u) = α0 +
∞X
k=1

αk
√
2 cos (kπu) a.e. on (0, 1),

where α0 =
R 1
0
f (u) du and αk =

R 1
0

√
2 cos (kπu) f (u) du for k ≥ 1, which is

just the result in Theorem 5.

6 Trigonometric Representation of Density and
Distribution Functions

6.1 Density Functions on the Unit Interval

It follows from Theorem 5 that for any density function h(u) on [0, 1] there
exists a sequence {αk}∞k=0 satisfying

P∞
k=0 α

2
k = 1 such that

h (u) =

Ã
α0 +

∞X
k=1

αk
√
2 cos (kπu)

!2
a.e. on (0, 1). (34)

However, similar to Bierens (2007) it follows that the αk’s in (34) are no
longer unique. For example, we can always write h (u) = fp (u)

2 where for
arbitrary p ∈ [0, 1],

fp (u) = (I (u < p)− I (u ≥ p))
p
h(u). (35)
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Then the αk’s in (34) take the form

αk =

Z p

0

p
h(u)κk (u) du−

Z 1

p

p
h(u)κk (u) du

In particular, we may choose for α0 any

α0 ∈
∙
−
Z 1

0

p
h(u)du,

Z 1

0

p
h(u)du

¸
. (36)

If we choose α0 ∈
³
0,
R 1
0

p
h(u)du

i
then we can reparametrize the Fourier

coefficients αk as

α0 =
1p

1 +
P∞

m=1 δ
2
m

αk =
δkp

1 +
P∞

m=1 δ
2
m

, k ≥ 1

where
P∞

m=0 δ
2
m <∞. Hence,

Theorem 6. For any density function h(u) on [0, 1] there exists a sequence
{δm}∞m=1 satisfying

P∞
m=0 δ

2
m <∞ such that

h(u) =

¡
1 +

P∞
k=1 δk

√
2 cos (kπu)

¢2
1 +

P∞
m=1 δ

2
m

a.e. on (0, 1). (37)

Moreover, the corresponding SNP densities

hn(u) =

¡
1 +
√
2
Pn

k=1 δk cos (kπu)
¢2

1 +
Pn

m=1 δ
2
m

(38)

satisfy

lim
n→∞

Z 1

0

|h (u)− hn(u)| du = 0. (39)

Furthermore, the corresponding SNP distribution function Hn (u) =
R u
0
hn(v)dv

has the closed form expression

Hn(u) = u+
1

1 +
Pn

m=1 δ
2
m

18



×
"
2
√
2

nX
k=1

δk
sin (kπu)

kπ
+

nX
k=1

δ2k
sin (2kπu)

2kπ

+

n−1X
m=1

nX
k=m+1

δmδk

µ
sin ((k +m)πu)

(k +m) π
+
sin ((k −m) πu)
(k −m)π

¶#
(40)

The latter result follows from the well-known sine-cosine formulas, and (39)
follows from the corresponding result in Bierens (2007) based on shifted
Legendre polynomials.

6.2 General Representation of Density and Distribu-
tion Functions

Given a continuous distribution function G(x) with support Ξ ⊂ R, any
distribution function F (x) with support contained in Ξ can be written as
F (x) = H(G(x)), where H(u) = F (G−1(u)) is a distribution function on
[0, 1]. Moreover, if F and G are absolutely continuous with densities f and g,
respectively, then H is absolutely continuous with density h(u), and f(x) =
h(G(x))g(x). Therefore, f(x) can be estimated semi-nonparametrically by
estimating h(u) semi-nonparametrically. The role of G is twofold. First,
G determines the support of f . Second, G acts as an initial guess of the
unknown distribution function F . Obviously, in the latter case the initial
guess is right if H is the c.d.f. of the uniform distribution on [0, 1].
Therefore, it follows from Theorem 6 that

Theorem 7. Given an absolutely continuous distribution function G(x) on
R with density g(x), any density function f(x) with support contained in the
support of g (i.e., {x : f(x) > 0} ⊂ {x : g(x) > 0}) can be written as

f(x) = g(x)

¡
1 +
√
2
P∞

k=1 δk cos (kπG (x))
¢2

1 +
P∞

m=1 δ
2
m

(41)

a.e. on {x : f(x) > 0}. Moreover, the corresponding SNP densities

fn(x) = g(x)

¡
1 +
√
2
Pn

k=1 δk cos (kπG (x))
¢2

1 +
Pn

m=1 δ
2
m

(42)
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satisfy

lim
n→∞

Z ∞

−∞
|f(x)− fn(x)| dx = 0.
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8 Appendix

8.1 Proof of Theorem 1

Let fn(x) =
Pn

k=0 γkpk(x|w), where γk =
R b
a
pk(x|w)f(x)w(x)dx, and observe

that due to condition (5), fn ∈ L2w (a, b) . Next, observe that

°°f − fn°°2 =

Z b

a

Ã
f(x)−

nX
k=0

γkpk(x|w)
!2
w(x)dx

=

Z b

a

f(x)2w(x)dx− 2
nX
k=0

γk

Z b

a

pk(x|w)f(x)w(x)dx
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+
nX

k1=0

nX
k1=0

γk1γk2

Z b

a

pk1(x|w)pk2(x|w)w(x)dx

=

Z b

a

f(x)2w(x)dx−
nX
k=0

γ2k ≥ 0. (43)

Hence
Pn

k=0 γ
2
k ≤

R b
a
f(x)2w(x)dx <∞ for all n ≥ 0, and thus

∞X
k=0

γ2k <∞. (44)

The latter implies that fn is a Cauchy sequence in L
2
w (a, b) because

lim
min(n,m)→∞

°°fn − fm°°2 = lim
min(n,m)→∞

max(n,m)X
k=min(n,m)+1

γ2k ≤ lim
m→∞

∞X
k=m

γ2k = 0.

It follows therefore from the definition of a Hilbert space10 that there exists
a function f ∈ L2w (a, b) such that

lim
n→∞

°°fn − f°° = 0. (45)

This limit function f can be written as

f (x) =
nX
k=0

γkpk(x|w) + εn(x) (46)

for all n ∈ N, where
lim
n→∞

Z b

a

εn(x)
2w(x)dx = 0. (47)

Proof of (7): To prove (7), it suffices to show thatZ b

a

exp (i.t.x)
¡
f(x)− f (x)¢w(x)dx = 0 (48)

for all t ∈ R, because (48) implies that f(x) = f (x) a.e. on (a, b) , due to
the uniqueness of the Fourier transform.11 .
10In particular the property that every Cauchy sequence in a Hilbert space converges to

a limit contained in this Hilbert space.
11See for example Bierens (1994, Theorem 3.1.1, p.50).
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It follows from the definition of γm and f that for m ≤ n,

¯̄̄̄Z b

a

¡
f(x)− f (x)¢ pm(x|w)w(x)dx¯̄̄̄ =

¯̄̄̄Z b

a

εn(x)pm(x|w)w(x)dx
¯̄̄̄

≤
sZ b

a

εn(x)2w(x)dx,

hence by (47), Z b

a

¡
f(x)− f (x)¢ pm(x|w)w(x)dx = 0 (49)

for all m ∈ N. This result implies, by induction, thatZ b

a

¡
f(x)− f (x)¢ xmw(x)dx = 0 for all m ∈ N. (50)

In its turn (50) implies, together with the well-known equality exp (i.t.x) =P∞
m=0 (i.t.x)

m /m!, that for t ∈ R and all n ∈ N,Z b

a

exp(i.t.x)
¡
f(x)− f (x)¢w(x)dx

=

Z b

a

nX
m=0

(i.t.x)m

m!

¡
f(x)− f (x)¢w(x)dx

+

Z b

a

Ã ∞X
m=n+1

(i.t.x)m

m!

!¡
f(x)− f (x)¢w(x)dx

=

Z b

a

Ã ∞X
m=n+1

(i.t.x)m

m!

!¡
f(x)− f (x)¢w(x)dx

If −∞ < a < b <∞ then by dominated convergence,Z b

a

exp(i.t.x)
¡
f(x)− f (x)¢w(x)dx

=

Z b

a

Ã
lim
n→∞

∞X
m=n+1

(i.t.x)m

m!

!¡
f(x)− f (x)¢w(x)dx = 0
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If a = −∞ and/or b =∞ we can find for arbitrary ε > 0 a finite lower bound
a(ε) > a and a finite upper bound b(ε) < b such that¯̄̄̄

¯
Z a(ε)

a

exp(i.t.x)
¡
f(x)− f (x)¢w(x)dx¯̄̄̄¯ < ε/2¯̄̄̄Z b

b(ε)

exp(i.t.x)
¡
f(x)− f (x)¢w(x)dx¯̄̄̄ < ε/2

whereas by dominated convergenceZ b(ε)

a(ε)

exp(i.t.x)
¡
f(x)− f (x)¢w(x)dx

=

Z b(ε)

a(ε)

Ã
lim
n→∞

∞X
m=n+1

(i.t.x)m

m!

!¡
f(x)− f (x)¢w(x)dx = 0

Since ε > 0 is arbitrary, we therefore have in either case that (48) holds. It
therefore follows from (46) and (47) that

lim
n→∞

Z b

a

Ã
f (x)−

nX
k=0

γkpk(x|w)
!2
w (x) dx = 0. (51)

This completes the proof of (7)
Proof of (8): To prove that (7) implies (8), let X be a random drawing

from w(x). Then by Chebyshev’s inequality, (51) implies

f (X) = p lim
n→∞

nX
k=0

γkpk(X|w) (52)

As is well-known12, convergence in probability is equivalent to almost sure
(a.s.) convergence along a further subsequence of an arbitrary subsequence
of n. Thus it follows from (52) that for any subsequence nj in N there exists
a further subsequence njm such that for m→∞,

njmX
k=0

γkpk(X|w)→ f(X) a.s. (53)

12See for example Bierens (2004, Theorem 6.B.3, p.168).
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For each n there exists an m such that njm−1 ≤ n < njm. Hence, there
exists a further subsequence jn of njm such that for n→∞,

jnX
k=0

γkpk(X|w)→ f(X) a.s., (54)

and jn−1 ≤ n < jn. The latter implies that

E

⎡⎣Ã jnX
k=0

γkpk(X|w)−
nX
k=0

γkpk(X|w)
!2⎤⎦ = E

Ã
jnX

k=n+1

γkpk(X|w)
!2

≤
jnX

k=jn−1+1

γ2k

so that

∞X
n=1

E

⎡⎣Ã jnX
k=0

γkpk(X|w)−
nX
k=0

γkpk(X|w)
!2⎤⎦ ≤

∞X
n=1

jnX
k=jn−1+1

γ2k

≤
∞X
k=0

γ2k <∞

Then by Chebyshev’s inequality,

∞X
n=1

P

"¯̄̄̄
¯
jnX
k=0

γkpk(X|w)−
nX
k=0

γkpk(X|w)
¯̄̄̄
¯ > ε

#
<∞

for all ε > 0, which by the Borel-Cantelli lemma13 implies that for n→∞
jnX
k=0

γkpk(X|w)−
nX
k=0

γkpk(X|w)→ 0 a.s. (55)

Combining (54) and (55), it follows that
Pn

k=0 γkpk(X|w) → f(X) a.s. as
n→∞, which is equivalent to (8) because the support of w(x) was assumed
to be (a, b). Q.E.D.

13See for example Bierens (2004, Theorem 2.B.2, p. 168).
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8.2 Proof of Theorem 2

Due to the normalization αk,k = 1 it follows that pk+1(x|w) − x.pk(x|w) is
a polynomial of order k, which can be written as a linear combination of
p0(x|w), p1(x|w),...,pk(x|w):

pk+1(x|w)− x.pk(x|w) =
kX
j=0

δj,kpj(x|w) (56)

for example. Then for m ≤ k,

0 =

Z ∞

−∞
pk+1(x|w)pm(x|w)w(x)dx−

Z ∞

−∞
x.pk(x|w)pm(x|w)w(x)dx

−
kX
j=0

δj,k

Z ∞

−∞
pj(x|w)pm(x|w)w(x)dx

= −
Z ∞

−∞
x.pk(x|w)pm(x|w)w(x)dx− δm,k

Z ∞

−∞
pm(x|w)2w(x)dx

so that

δm,k = −
R∞
−∞ x.pk(x|w)pm(x|w)w(x)dxR∞

−∞ pm(x|w)2w(x)dx
Because x.pm(x|w) is a polynomial of orderm+1, it follows that form ≤ k−2,
x.pm(x|w) is orthogonal to pk(x|w), hence δm,k = 0 for m = 0, 1, ...., k − 2.
Thus it follows from (56) that

pk+1(x|w)− x.pk(x|w) = δk,kpk(x|w) + δk−1,kpk−1(x|w)
= −bkpk(x|w)− ckpk−1(x|w)

where

bk = −δk,k =
R∞
−∞ x.pk(x|w)2w(x)dxR∞
−∞ pk(x|w)2w(x)dx

and

ck = −δk−1,k =
R∞
−∞ x.pk(x|w)pk−1(x|w)w(x)dxR∞

−∞ pk−1(x|w)2w(x)dx

=

R∞
−∞ pk(x|w)2w(x)dxR∞
−∞ pk−1(x|w)2w(x)dx

The last equality is easy to verify.
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8.3 Proof of Theorem 4

Denote dk =
qR∞

−∞ pk(x|w)2w(x)dx and pk(x|w) = dk.pk(x|w). It follows
trivially from (12) that

ak
dk+1
dk
pk+1(x|w) + (bk − x) pk(x|w) + ck

dk−1
dk
pk−1(x|w) = 0, k ≥ 1. (57)

However, with ak and ck defined in Theorem 3 we have

dk/dk−1 =

s R∞
−∞ pk(x|w)2w(x)dxR∞
−∞ pk−1(x|w)2w(x)dx

=

r
ck
ak−1

,

so that (57) can be written as

√
ck+1.ak.pk+1(x|w) + (bk − x) pk(x|w) +

√
ck.ak−1pk−1(x|w) = 0, k ≥ 1.

Note that

√
ck+1.ak =

¯̄̄̄
lim
|x|→∞

x.pk(x|w)
pk+1(x|w)

¯̄̄̄ sR∞
−∞ pk+1(x|w)2w(x)dxR∞
−∞ pk(x|w)2w(x)dx

=

¯̄̄̄
lim
|x|→∞

x.pk(x|w)
pk+1(x|w)

¯̄̄̄
.

Redefining
√
ck+1.ak as the new ak+1 in (14), the TTRR (13) follows.
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